arXiv:l506.06005vl [math.OC] 19Jun2015 


A USEFUL UNDERESTIMATE FOR THE 
CONVERGENCE OF INTEGRAL FUNCTIONALS. 

Emmanuel GINER 

Institut de Mathematiques, Laboratoire MIP, Universite Paul Sabatier,Toulouse, France. 


Abstract 

This article deals with the lower compactness property of a sequence of integrands and 
the use of this key notion in various domains: convergence theory, optimal control, non¬ 
smooth analysis. First about the interchange of the weak lower epi-limit and the symbol 
of integration for a sequence of integral functionals. These functionals are defined on 
a topological space (ST, ST), where 9C is a subset of measurable functions and the ST - 
sequential convergence is stronger than or equal to the convergence in the Biting sense. 

Given a sequence ( f n ) n of integrands, if the integrand / is the weak lower sequential 
epi-limit of the integrands f n one of the main results of this article asserts that under the 
Ioffe’s criterion, the 3 ~-lower sequential epi-limit of the sequence of integral functionals 
at the point x is bounded below by the value of the integral functional associated to the 
Fenchel-Moreau biconjugate of / at the point x. Then the strong-weak semicontinuity 
(respectively the subdifferentiability) of integral functionals, are studied in relation with 
the Ioffe’s criterion. This permits, with original proofs, to give new conditions for the 
sequential strong-weak lower semi continuity at a given point, and to obtain necessary 
and sufficient criteria for the Frechet and the (weak) Hadamard subdifferentiability of 
integral functionals on general spaces, particularly on Lebesgue spaces. 

Mathematics Subject Classifications (2000): 26A16, 26A24, 26E15, 28B20, 49J52, 54C35. 

Keywords: Integral functionals, epi-limits, T-convergence, lower semicontinuity of integral 
functionals, nonsmooth analysis, Frechet subdifferentiability. 


1 Introduction 

The notion of convergence plays a key role in the study of variational problems and in non¬ 
linear analysis, see f4D . 1421 . (37], H], [13], IT5l . (2], (55], [52], [50] - The convergence of a 
sequence of functions is often defined through the convergence of their epigraphs. Given 
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a topological space [SC,ST), one can consider on the space of subsets of SC the Painleve- 
Kuratowski convergence. This permits to define epi-convergence of a sequence of functions 
(/„) n defined on SC with extended numerical values. In fact, the use of the epigraphs of func¬ 
tions and the existence of a lower limit and an upper limit of a sequence of subsets allows to 
define the ST -upper epi-limit, ST - ls e f n , (respectively the ST -lower epi-limit, 2T - li e f n ) of a 
sequence of extended real-valued functionals. Moreover the ST -epi-limit, ST - lim e f n , can 
be defined by the coincidence of these last two epi-limits. In this case one says that the se¬ 
quence ( f n ) n S'-epi-converges to ST - lim e f n . When we consider two topologies on SC, 3~\ 
finer or equal than ST 2 , we can define also the (ST , ST 2 ) Mosco-convergence of a sequence of 
functionals with extended numerical values, by the coincidence of the associated ST upper 
epi-limit and the 3~ 2 lower epi-limit. The case considered initially by U. Mosco is a reflexive 
Banach space endowed with its strong and weak topologies (H). In (TJ, (T5J, (151, (55] the 
reader can find many examples and applications of the notion of epi-convergence. 

For integral functionals it seems that it is of great interest not to study directly the conver¬ 
gence, but to make separate studies of the cases of lower and upper epi-limits. In this article, 
first it is considered sequential (weak) lower epi-limits of a sequence of such functionals. 
Given a complete a-fmite measure space Q, a separable Banach space E (or in some cases 
a reflexive separable Banach space), a topological subset [SC,ST) of the space of classes (for 
almost everywhere equality) of measurable E-valued functions, and a sequence (/„)„ of mea¬ 
surable extended real-valued non necessarily convex integrands defined on Cl x E, our first 
purpose is to give a “ best ’’ lower bound for the ^-sequential lower epi-limit of the associ¬ 
ated sequence (I/J n of integral functionals at a given point x e SC. The study of convergence 
of integral functionals is originally started by J- L. Joly and F. De Thelin (38] in the convex 
case with E finite dimensional, SC = L p (0,E) and for Mosco-convergence; then by A. Sal¬ 
vador! (56] when O is a finite measured space, E is a reflexive separable Banach space; more 
recently for the slice convergence by J. Couvreux Q2], E2 being a probability space and E a Ba¬ 
nach space with separable dual, with SC - L p (n,E) also in the convex case. In our approach 
it is important to avoid any convergence, properness, or global convexity assumptions on 
the sequence of integrands and of functionals. 

The second and third section are devoted to some known or new preliminaries on the cal¬ 
culus of the Fenchel-Moreau conjugate of a sequential weak lower epi-limit, on the Biting 
Lemma and tightness. In Section 4 a measurability property is first proved: Theorem 14.61 
Then the chapter VII of C. Castaing and M. Valadier’book (9] is used and a consequence of 
M. Valadier results (60) section 3, (HI Theorem VII-7 on the calculus of the Fenchel-Moreau 
conjugate of an integral functional is put in light. Section 5 is devoted to a property of the up¬ 
per epi limit ls e lf n of a sequence (I/„)« of integral functionals defined on the dual of Li (E2,E) 
and for the topology of uniform convergence on weakly compact sets of Li (E2, E), Proposition 
15.31 this result permits to give a proof of the main result of section 6 by a duality method. In 
Section 6, the property (P) required on the topology ST is trivially satisfied when SC = L p (E2, E) 
is endowed with a topology stronger than or equal the weak topology. Given a sequence of 
integrands (/„) n defined onOxE, let the integrand/ = seq a -li e f n and its Fenchel-Moreau 
biconjugate /**, the main result is Theorem 16.31 it proves that given a sequence (x n ) n ST - 
converging to x under mild assumptions the following inequality is true 


lint inf I/ n (x„) > I/** (x) - 8 + ((-/„(x„))„), 
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where 8 + (.) is an extension to the o-finite case of Rosenthal’s modulus of uniform equi- 
integrability (see [26])• Following [34], we will say that a sequence (/„)„ of integrands satis¬ 
fies the Ioffe’s criterion at x e 3C (with respect to 3~) when the following lower compactness 
property holds: for every subsequence {f nk )k of (/«)« and any ^-converging sequence [Xk)k 
to x such that the sequence (lf n (x/dU is bounded above, the sequence of negative parts 
(/~ (jqt)) k is relatively weakly compact in Li (Q, lit). When the Ioffe’s criterion holds, the term 
8 + vanishes and the inequality announced in the abstract holds. The converse being often 
valid when /(x) = /* * (x) (Theorem l6.8H . In Section 7 a first application is obtained: the clas¬ 
sical problem of strong-weak lower semicontinuity of an integral functional is considered. In 
this case the integrand is defined on Q x E x F, where E is a topological space and F is a sep¬ 
arable Banach space. The global semicontinuity problem was considered by many authors, 
notably C. Olech 06], (47), in the case L^TLE 2 ), and completely solved by A. D. Ioffe (34) 
for a large class of spaces of finite dimensional-valued measurable functions. C. Castaing 
and P. Clauzure |T0) deal, with a strengthening of Olech’s techniques, the case of measurable 
functions infinite dimensional valued: F is a Banach space with separable dual. E. J. Balder 
(3), 0, (5], gives a new proof of this result using the concept of seminormality for an integral 
functional defined on Li(T2,E x F), where F is a separable reflexive Banach space. As a sig¬ 
nificant contribution he introduces and uses the notion of Nagumo tightness. A. Bourass, B. 
Ferrahi and O. Kahlaoui in Q show that the Ioffe’s techniques and results can be extended to 
the case F is a separable reflexive Banach space. Moreover, when / is non negative, I. Fon¬ 
seca and G. Leoni have weakened the assumptions on the topologies (ED Corollary 7.9) and 
made a remarkable characterization of the associated relaxed energy functional ED The¬ 
orem 7.13, but F is supposed finite dimensional. More recently C. Castaing, P.R. de Fitte, 
M. Valadier in their book |TD with various notions of tightness in relation with the theory 
of Young measures, obtain a semicontinuity result in case F is a separable Banach space, 
flTI Theorem 8.1.6. In this article, Theorem l7.1l is first a quantitative estimate on the lack of 
sequential strong-weak semicontinuity. Not only it gives other proofs of the known semicon¬ 
tinuity results at least when F has a strongly separable dual, 0, 0, (5), [TO], ED and 17], but 
in case F is reflexive, with weak assumptions on the topologies it permits to extend the Ioffe’s 
result at a given point without any global convexity assumptions on the integrand, Corollary 
17.61 In section 8 the lower compactness property respect to a bornology is defined. Frechet 
and Hadamard lower compactness properties of a sequence of integrands are considered. 
Using growth conditions, very concrete examples are presented on Orlicz spaces, Proposi¬ 
tions [131 [HUD and[8T2] and on Lebesgue spaces Corollaries l8.51 [8761 18.81 18.91 18.161 and !8.171 
The section 9 is first devoted to introduce the notions of Frechet and weak Hadamard sub¬ 
differentiability. Related to the J. P Penot’s characterization of Frechet subdifferentiability of 
an integral functional on L p (0,E), 1 < p < oo, 03 Theorems 12 and 22, two complete char¬ 
acterizations for the subdifferentiability of an integral functional respect to the Frechet and 
weak Hadamard homologies, are given in a general setting: Theorem [92] and Theorem l9.4l 
they permit to reach criterions in the case of Orlicz spaces Corollarv l9.5l and of Lebesgue 
spaces when the measure is atomless: Corollaries 19.61 and 19.71 which are equivalent to the 
characterizations given in 03 Theorems 12 and 22, Corollary [978] treats the case p = oo. In 
section 10 some additional properties of the Frechet subdifferentiability are reached: Theo- 
rem l 10.21 Corollaries l 10.1 ll and l 10.121 they are in relation with the Frechet lower compactness 
property of the differential quotients associated to the integrand (for practical examples see 
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the sections 8 and 9). The last section is a short study of the weak Hadamard subdifferen¬ 
tiability of an integral functional defined on Lebesgue spaces when the Banach space E is 
supposed to be reflexive separable. After a reduction with the results of the previous sec¬ 
tions it is proved that it suffices to treat only the case p= 1. Recall that in this case when the 
measure is atomless, the Frechet subdifferential of an integral functional coincide with the 
Moreau-Rockafellar subdifferential (see ED and 1141). Corollarv l9.9l gives a complete charac¬ 
terization of weak Hadamard subdifferentiability when the measure is atomless. The proof 
of Theorem[TTT2]uses Theorem l6.31 and it is unreachable with the A.D Ioffe’s type convexity 
assumptions made in the yet known results on semicontinuity. 


2 Preliminaries 

We adopt the following notation: 1R is the set of real numbers and 1R = 1R u {±oo}. Given 
[SC, ST) a topological vector space, the set of all open neighbourhoods of x in X will be de¬ 
noted by JC(x). For a subset X of SC, the indicator function i x is defined by i x (x) = 0 if x e X, 
+00 if not. For an extended real-valued function / defined on SC we consider its effec¬ 
tive domain, domf = {x e SC : f{x) < +oo}, its epigraph, epif = {(x, r) e SC x ]R : f{x) < r} 
and its sublevel set of height r e 1R f~ r = {x £ SC : /(x) < r}. The function / is said to be 
ST -inf-compact (respectively sequentially-^ inf-compact) when every sublevel set is ST - 
compact (respectively sequentially ^-compact). When SC is a locally convex topological 
space with SC* as topological dual we consider the duality pairing between SC* and SC de¬ 
fined by <x*,x) = x*(x). The function / is said inf-compact for every slope (respectively 
sequentially- ST inf-compact for every slope) if for every x* e SC* x >->• /(x) - <x*, x) is an inf- 
compact (respectively sequentially-^ inf-compact) function. We will say that the function / 
is proper if its domain is nonempty and if the function / does not take the value -oo. Recall 
that the Fenchel-Moreau conjugate f* is defined on SC* by the formula [40]: 

/*(x*) = sup (x*, x) — f (x). 
xeSC 


Definition2.1 Given a sequence { M„)„ of subsets of SC, its ST-lower limit and ST-upper limit 
in the sense ofKuratowski d/, [55 1 [751/ Definition 4.10, are defined as follows: 

liminfM„ = {x e SC : VFT e jV{x),3m e IN : Vn > m, U nM„ f 0}, 

n 

limsupM„ = {xeSC : VU e JC{x), Mm e N,3n > m : U nM„ f 0}. 

n 

Remark 2.2 Clearly if SC is a metric space with a distance d, for a subset M of SC, setting 
d{x, M) = inf {d{x, m), me M} ifM f 0, +00 ifM = 0, then: 

liminfM„ = {x e SC : limd(x,M, 7 ) = 0}, limsupM„ - {xeSC : liminfd(x,M n ) = 0}. 

n n n n 

Definition 2.3 (d/, 031/ ) Given a sequence (/„)„ of extended real-valued functions, the upper 
epi-limit (resp lower epi-limit) (also called T -limits) is defined as the function ST - ls e f n (resp 
ST - li e fn) whose epigraph is the lower limit (resp upper limit) of the sequence of epigraphs of 
the f n ’s. 
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The following formulas give analytic means for these limits (see (T5) Definition 4.1): 

! 

X — ls e f n {x) = sup limsup inf f n (x ), 

\eJT(x) n x'eV 

1 

X-li e f n {x) = sup lim inf inf f n {x ). 

Ve^K(jc) n x eV 


In the sequel, (x n ) —■* x means that the sequence {x n ) n ^-converges to x; we will use fre¬ 
quently the next sequential version of the definition of the X-lower epi-limit (the two no¬ 
tions coincide when every point has a countable base of neighbourhoods fl5l ). 

Definition 2.4 Given a sequence if n ) n of H-valued functions defined on IX,X), and X - 
X^, the sequential ST-lower epi-limit f = seq X - l i e f n is defined by: 

fix)= inf liminf f n {x n ). 

3 - n 

{{x n ) n e2: (x n )—*x] 

The links between epi-limits and conjugacy have been studied in the convex case in (42l . 
1371 and |41|, (T|, (551 : moreover in |48|, 1321, |50| there is links between epi-limits, vari¬ 
ational convergences, usual operations and conjugacy. In order to prove the main results 
of this article (in section 6), we need to obtain few preliminar properties of the Fenchel- 
Moreau conjugate of the sequential weak-lower epi-limit of a sequence of nonconvex func¬ 
tions (Proposition 12.51 Theorem 12.91 Corollary 12. 131 . Xg- will denote the topological space 
{X,X) and the symbol W* [X* ,Xg~) (in abbreviate form Wf) denotes the topology on X* 
of uniform convergence on the symmetric sequentially ^-compact sets of X. By similarity 
with the case where Xg- is a Banach space endowed with its strong topology (see (32] §18 D, 
1521 Theorem 1.13) it is called bounded weak star topology or bounded weak* topology. 

Proposition 2.5 Let (X, X) be a locally convex topological linear space. If f = seq X - l i e f n 
then: 

f* < W b * - ls e f*. 

Proof of Proposition l2.51 

Lemma 2.6 Let XL be the set of all sequentially X -compact sets. Setting for K e XL, Ik (x) = 0 
ifx £ K, +00 ifx £ K, ffi = f n + 1 k, / = seq X - li e f n , then: 

f = f n l Se qX -Uefn- 

JxEeVc. 

Proof of Lemma (2T6l Let g = inf seq X - li e fn ■ Since for every K e XL, f n < f„, we have 

f < seq X - li e fn> therefore f < g. Conversely, suppose that/(x) < r. Then there exists a 
sequence {x n ) n ^-converging to x such that liminf/„(x„) < r. Setting K = {x} u {x„, n e IN} £ 

n 

XL, it is clear that g(x) < seq X - li e f^(x) < liminf/„(x„) < r, hence g < /. 

Lemma 2.7 Iff = seqX - li e f n , then f*{x*) < lim sup f* (x*) for allx* £ X*. 

n 

Proof of Lemma [2771 Let us suppose that limsup/,* (x*) < r. Then for n sufficiently large: 

n 

(x*,.) - r < f n and as a consequence: (x*,.)-r < f or equivalently /* < r. □ 
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Lemma 2.8 LetJF and ff be as in Lemma \2. E>1 For every K e JF, one has: 

limsup(/*)* < F/ - Isgff*. 

n 

Proof of Lemma lZ8l Recall that given two extended real valued functions f, g defined on SF, 
the infimal convolution f\3g is (classically) defined by the formula: 

(/□g)(x)= inf f{x-y) + g(y), 

year 

one has (fDg)* = f* + g* and (/ + g)* < f*Dg*. For each sequentially FT -compact set K, 
setting L = K u -K, we get 

</?)• = (/» +>k)’ £ /„•□*• £ /„ - Ql - • 

Moreover the family of sets V(L,e) = {v *: ii/lz'*) < e}, K e e > 0, is abase of W* -neighbourhoods 
of the origin. For every v* eV(L,e),we obtain: 

(/„ K )*(x*) < < f* (x* + i/*) + e, 

thus 

(/ w K )*(x*)< inf /„*(x* + y*) + e 

i;*eV(L,e) 

and 

limsup(/,f)*(x*) < limsup * inf f*(x* + v*)+e<W£-ls e f*(x*)+e, 

n n y*eV(L,e) 

and since e is arbitrary, the proof of Lemma l2.8l is complete. □ 

End of the proof of Proposition l2.51 From Lemma I2l6l / = inf seq FT - li e fn> hence due to 
Lemmas l277ll2.8l we get: 

f* = sup (seq FT - li e fn )* - sup limsup(/,f )* < Wf - ls e f *. □ 

KeJT KeJfT n 


Theorem 2.9 Let ( 3F,FT ) fie a locally convex topological linear space, W* be the topology on 
SF* of uniform convergence on IT-compact sets ofSF. Given a sequence (f n ) n of elements of 

__ o£ 

1R bounded below by a function h e 1R inf-sequentially FT-compact for every slope, then 
setting f = seq FT - li e f n , we have: 

f* = limsup/^ =W*-ls e f* n . 

n 

Corollary 2.10 Under the assumptions of Theorem \2.9[ for any topology t stronger or equal 
than Wf we have: t - ls e f* = f* = limsup f*. 

n 

Proof of Corollary l2.10l From Theorem l2.91 we obtain the chain of inequalities 
limsup/; = w; - ls e f* n < T - ls e r n < limsup/; = /* • □ 

n n 

Proof of Theorem l2.91 Let us first prove the following lemmas: 
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Lemma2.11 Let K be a sequentially ST-compact set. Ifig n ) n is a sequence ofll-valued func¬ 
tions defined on K, and g = seq ST - li e g n , then: 


inf g (x) < lim inf inf g n (x) 

xeK n xeK 

Proof of Lemma 12.111 Let x n e K such r n = infg n (x) > g n ix n ) - —, and let r > lim inf r n . 

xeK n n 

Extracting subsequences we can find subsequences ( r nk ) k such lim r n . < r and ix nic )ic 3~- 

k 

converging to x e K. Then g(x) < lim inf g n . (x„,) < lim r n . + — < r. □ 

k k nk 

Lemma 2.12 Let h : 3d —* IRu { 00 } be a sequentially ST-inf-compact function. Given a se- 

_ gr 

quence ( f„) n of elements of 1R bounded below by h, setting f - seq ST -l i e f n , we have: 

f*{ 0) = lim sup f* (0) = Wf - ls e f* (0). 

n 

Proof of Lemma l2.121 Let us first give the proof with the additional assumption: 

(H) lim sup inf f„(x) < 00 . 

n xeX 

With (H) let r e 1R and {x n ) n be a sequence such (/„(x„))„ is bounded above by r. Since 
fn — h for every integer n, one has inf f n {x) = inf ffx) and h~ r is nonempty sequentially 

xeSC xeh- r 

ST -compact. Extracting from (x n )„ a ^-converging subsequence, we remark that f~ r f 0. 
Moreover since his ST sequentially lower semicontinuous, we have f >h and also 

inf fix) = inf fix) = inf fix). 

xear xef- r xeh^ r 

From Lemma l2.11l we obtain: 

inf fix) = inf /(x)<liminf inf /„(x) = lim inf inf f n ix). 

xeX xeh^ n x eh^ r n xe X 

Therefore: 

f*i 0) = - inf fix) > -lim inf inf /„(x) = lim sup- inf f n ix) = limsup/ w *(0), 

X e% n x e3C n xeX n 

hence, from Proposition l2.5l 

f* (0) > lim sup f* (0) > Wf - ls e f* (0) > f* (0). 

n 

Proof ofLemma l2.12l without assumption (H). Let us consider a subsequence in^) t such that 
limsup/ w *(0) = lim f* (0). If 00 = lim sup inf /„. (x) = - lim f* (0), using Proposition |23] the 

n k k k xe3C k k 

conclusion stems from the relations 

/* (0) > lim/* (0) = lim sup /„* (0) = -00 = Wf - ls e f* (0) > f* (0). 

•c n 
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Suppose now that lim sup inf f„ k (x) <oo. Define g:= seq ST -li e fn k - /• Since the sequence 

{fn k )k satisfies the assumption (H), then from the first part of the proof and Proposition l2.5l 
we have: 


/* (0) > g* (0) = lim sup /* (0) = lim sup f* (0) > W* - ls e f* (0) > /* (0). 
k n 

This ends the proof of Lemma l2.121 □ 

End of the proof of Theorem l2.91 Given x* in&*, set g n = f n - (x*,.) and l = h- (x*,.). Then 
l is a sequentially ST inf-compact function, and for every n, g n > /. Moreover since g* (y*) = 
/„*(**+y*), g*(0) = f*ix*), W b *-ls e g* n [0) = W b *-ls e f*{x*) andg = seqST-li e g n = 

Applying Lemma l2T2l we obtain: 

fix*) = g* (0) = limsupg*(0) = limsup /„*(**) = W* - ls e g*{ 0) = W* - ls e f*{ x*). 

n n 

The proof of Theorem l2.9l is complete. □ 

The symbol o denotes the weak topology a{3C,3C*) on SC. When SC is a Banach space, 
considering the case ST = o(,3C,3C*), due to Eberlein-Smulian’s theorem (8] IV §5 section 
3* Theorem 2, (32) §18 CorollaryA and Theorem B, the o-compact sets are the sequentially 
o-compact sets. Krein’s result ([$1 IV §5 section 5* Theorem 1, 02) §19 Theorem E) asserts 
that the closed convex hull of a weakly compact set is weakly compact too. Therefore the 
topology W* on SC* coincide with the Mackey topology t [SC*,SC) on SC* (of uniform con¬ 
vergence on weakly convex compact sets of SC) which is coarser than or equal to the topology 
of the dual norm ||. || *. An immediate consequence of Theorem l2.9l and Corollarv l2.10l is: 

Corollary 2.13 Let [SC, ||.||) be a Banach space, t* be the Mackey topology t {SC*,SC) on X* 
and let h: SC —► IRu {oo} be an inf o-compact function for every slope. Given a sequence ( f n ) n 

of elements of 1R bounded below by h, setting f = seq a - li e f n then 

f* = limsup f* = T* - ISefn = ll-ll* ~ ls e f* . 
n 

The symbol o* denotes the weak star topology o' {SC, SC) on^r*. The case of ( SC*,o *) for the 
sequential lower epi-limit in convex case is treated in |2J Theorem 7.5.1 and the real lower 
epi-limit in convex case is considered in 09) Theorem 2. 

Corollary 2.14 Let{SC, ||.||) be a separable Banach space, and a sequence ( f n ) n ofelementsof 

1R bounded below by an inf o* -compact function for every slope, setting f = seq a* - li e fn 

then for the duality between SC* and SC, with f = seq a* - li e f n , 

f* = limsup/^ = ||.|| - lsef* . 

n 

Proof of Corollarv l2.14l We take ST = a [SC* ,SC) onX*. When SC is a separable Banach space 
it is well known that the a* compact sets are metrisable, thus the a* sequentially compact 
sets are the a* compact sets. Since the unit ball of SC* is a o* compact set, the associated 
topology TVS on SC is the topology of uniform convergence on bounded sets of SC*, that is 
the norm topology of SC. □ 
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3 Biting Lemma, Biting convergence and tightness. 

In the sequel {Cl, T, p) is a measure space endowed with a cr-finite positive measure p and 
with a tribe T. For a measurable subset A e T, set A c = {oo e Cl, oo £ A} and 1 a stands for the 
characteristic function of A: 1 a (to) = 1 if (a e A, 0 if to g A. Given two measurable 1R-valued 
functions u and v denote by {u > v} the set {to e Cl: u{ to) > y(co)}. Given a topological space 
(E, t) with Borel tribe 3B{E), the space «Sf 0 (E) is the space of T-measurable E-valued functions. 
We will say that the sequence {x n ) n of elements of «S? 0 (E) converges almost everywhere to x 
if there exists a negligible set N such for every oo e N c , the sequence (x w (io))„ t- converges to 
x(to). Let L 0 (Q,E) be the space of classes of measurable functions (for p-almost everywhere 
equality) defined on Cl and with values in E. It is customary to use the abuse of notation 
which consists to identify x and its class [x], we will do it. When the topology t is associated 

9 f d(x((o),y (oj)) 

to a distanced the function defined on L 0 (E2,E) Z by (x, y) = / -a(io)dp((o) 

Jn l + d(x(to),y(io)) 

(where a is any positive valued integrable function) is a distance, and the topology associ¬ 
ated is the topology of convergence in local p-measure, that is convergence in measure on 
each set of finite p-measure. Hereafter E is a separable Banach space. Let L p (n,E, p), 1 < 
p < oo, be the Lebesgue-Bochner space of classes of p-p integrable functions (p-essentially 
bounded functions if p = oo) defined on Cl with values in E and endowed with its strong 
natural topology. When there is no ambiguity with respect to the measure we denote it 
by Lp(n,E). || x||p is the usual norm of an element x of Lp(G,E), where for 1 < p < oo, 

||x||p = J ||x|| p dp. Given a map v : Cl —► 1R, set v + = sup(0, v) and v~ = {-v) + . The upper 

integral I„ or vd p of y is defined by: 

I„ = I i/dp = inf{| ud\x, u e Li(G,lR), u > v p - a.e} - I,,+ - l v - 
J n Jn 

with the convention +00 - 00 = + 00 . A function c(>: E — 1R+ is a Young function if it is convex 
even continuous at 0 with cf)(0) = 0 and verifies limueUj^ooCjHe) = + 00 . When lim|| e || E _ >00 ^^ = 
+ 00 , c(> is said strongly coercive. In the sequel we refer to a function / : G x E —► 1R as an in¬ 
tegrand. For every oj e Cl let / w = f (oj, .). An integrand / is said to be convex respectively 
even if for every 0 ) e Cl the function f„ is convex (respectively even). The integrand / is said 
to be measurable if it is measurable when Cl x E is endowed with the tribe T ®3&{ E). Given 
two integrands / and g we write / < g when there exists a negligible set N such that for every 
(to, e) e N c x E, /(to, e) < g(to, e). 

A Young integrand t|) is an integrand such that for every e Cl, tf)(to,.) is a Young function. 
If a is a positive valued integrable function, an integrand (p is said to be an a-Young inte¬ 
grand if there exists a non decreasing convex strongly coercive function ip : 1R+ — 1R+ verify¬ 
ing i|/(0) = 0 and: cf>(to,e) = a(to)i|/(a _1 (w).||e||). Given a Young integrand (|):RxE^ 1R+, for 
every f>0we denote 4> r (to, e) = 4>(co, te). We will say that an integrand / is ofNagumo type 
if / is non negative, measurable and if for every to e Q f, t is inf-o-compact for every slope. 
When E is reflexive every a-Young integrand is a Nagumo integrand. Given x e L 0 (Q, E), and 
an integrand /, we will denote by fix) the map (0 •— /(co,x((o)). The integral functional If 
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associated to an integrand / is the functional defined at some point x of L 0 (O,E) by: 


n * 

lfix) = I/ W = J I f(x)dp. 


Let us recall the following definitions. 

Definition 3.1 (7391/) Let X fie a subset of L p {Q.,E) with 1 < p < oo. X is said to be p-equi- 
integrable (equi-integrable if p = 1), if for every positive number e, there exist a positive con¬ 
stant r\ and a measurable set K of finite measure such that: 

(1) sup || jc 1a II p < e for every measurable set A satisfying p(A) <q. 

.YCX 

(2) sup ||xl K c||p < e. 

xeX 

Some authors use only the first property as definition of equi-integrability see (2~1 |. Defini¬ 
tion 2.23 for example. In order to measure the lack of equi-integrability let us introduce the 
following notion: 

Definition 3.2 (see 126 1/ ) Let X be the collection of all decreasing sequences a = (Sk)k of mea¬ 
surable sets S ic with a negligible intersection. Given a sequence («„)„ of measurable f{-valued 
functions it is convenient to use the index of equi-integrability 8+ ((u n )„) defined by: 

r» * 

8m((u„)„)= sup limsupsup I u n d\i. 

aeX, cr=(Sjfc)jfc fc n>kJSk 

When there is no ambiguity on the measure we note 8 + ((u n ) n ) := 8J((m h )„) 

Recall the following result about the index (of equi-integrability): 

Theorem 3.3 (see (2& Proposition 1.7 and Corollary 1.9) 

(a) A sequence ( u n ) n of integrable functions is equi-integrable in the sense of Definition ^. II if 
and onlyif8 + {{\\u n \\) n ) = 0. 

(fi) Suppose the measure p is atomless. A sequence (u n ) n of measurable functions is eventually 
uniformly integrable if and only if8 + ((|| u n ||) n ) = 0. 

Theorem and Definition 3.4 De la Vallee Poussin’s Theorem ( f33i/ page 33, fl9l /. 144 1/ II-5.IW] 
Chapter 2, Theorems22 and 25, see 158 1/ Theorem 16.8). AsubsetX ofh\ (Q, L) is said uniformly 
integrable when one of the following equivalent conditions is satisfied: 

(a) X is bounded and equi-integrable in Li 

(fi) There exists a positive valued integrable function a and a a-Young integrand <|) = \|/ a such 
that sup xeX l^(x) < 1. 

(c) For every integrable positive valued function p, limsup / ||x||dp = 0. 

11 xeX 7{|p||>npj 

When the measure p is finite, (see JUS/ II-5), in the assertion (fi) and (c) it suffices to consider 
the case a = 1 = p. 

Proof. The equivalences ( a ) o (fi) o (c) are well-known when the measure is finite and a = 1. 
In the cr-finite case, for every positive valued integrable function a, first let us remark that 
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since the ^-negligible sets are the ap-negligible sets, taking the assertion (a) has definition 
of uniform integrability, from Thorem lT3l (a). we deduce that X is uniformly integrable in 
Li(Q,E,n) if an d only if a -1 X is uniformly integrable in Li(Q,E,ap). Therefore ( a ) o (fi). 
Moreover For every integrable positive valued function (3, and for every integer n and x e X, 



thus X verifies (c) in Li(Q,E, p) if and only if p x X verifies (c) with "P = 1" in Li(Q,E,Pp). 
Therefore (a) o (c). □ 

Let us give now the statement of the Biting Lemma (valid in the a-finite case): 

Theorem 3.5 ([591/ Lemma 3.4, 1771/ Theorem 6.1.4). Let{x n ) n be a bounded sequence inLfiEl,E ). 
There exists a subsequence [x nk )k and a decreasing sequence (Ajt)fc of measurable sets with a 
negligible intersection such that the sequence (x rik l a c )jfc is equi-integrable 

Proof of Theorem 13.51 The result is true when p is finite valued ((59) Lemma 3.4, QTj The¬ 
orem 6.1.4). If p is CT-finite there exists a positive valued integrable function a. The mea¬ 
sure v(A) = f A ad[i is finite valued. Let (. x n ) n be a bounded sequence in L!(0,E, p). The se¬ 
quence (a _1 x„)« is abounded sequence in Li(Q,E, v). There exists a subsequence ( a~ l x nk )k 
and a decreasing sequence (Afc)jt of measurable sets with a v-negligible intersection such 
that the sequence (a _1 x Wt l A c ) k is v-equi-integrable. The v-negligible sets being exactly the 
p-negligible sets we deduce with Theorem 13.31 (a) that the sequence (x Wfc l A c] k is p-equi- 
integrable. □ 

Definition 3.6 Given a sequence {x n ) n ofE-valued measurable functions defined on El, we 
will say that {x n ) n converges to a measurable E-valued function x in the Biting sense if there 
exists an increasing covering (up to a negligible set) (O/J k of El by measurable sets such that 
forallk the sequence [x n \Elk) n of restrictions to Elk o(Lj (Q/t,E, p), L| (Tb.E, p)*) -converges lo 
x\El k . 

Corollary 3.7 ff2l\I . flTI/ Remark 6.1.5). SupposeE is reflexive. Then any bounded sequence in 
Li [El, E) admits a Biting converging subsequence to an integrable function. 

Proof: It is well-known (|[T7)) that in this case Li (i/2, E) * = LootETE*), and in Li(C,E) any 
bounded equi-integrable sequence admits a weakly converging subsequence. Applying the 
first part of Theorem|33]and extracting from (x Wjt l A c) fc a weakly converging sequence (x„ fc; l A c )/ 

to an integrable function x, the sequence (x„ t; ) / converges in the Biting sense: the restric¬ 
tions on each A£ converge weakly to the restriction of the function x. And for every integer 
k 


llxl Afc Hi < liminf||x„l Afc ||i <liminf||x„||i, 

K n K n 


Since the norm is weakly semicontinuous and the sequence is norm bounded: 


||x||i <liminf||xl A , lb <liminf||x„||i <oo. □ 

k n 


k 


n 


Corollary 3.8 Suppose E is reflexive. Let 1 < p < oo and p be a measurable positive valued 
function. Every bounded sequence in L p (n,E,Pp) admits a Biting converging subsequence 
with a Biting limit in L p (Q, E, pp)). 

Proof of Corollarv l3.8[ First let us give a proof when P = 1. When p = 1 it is exactly the Biting 
Lemma in cr-finite case above. When D. is of finite measure since L p (0,E) is topologically 
included in Li(D,E), the result of the existence of a Biting-converging subsequence is an 
immediate consequence of the classical Biting Lemma. First let us show that the sequence 
admits a Biting convergent subsequence in o-finite case. There exists a bounded integrable 
function a positive valued. Let a bounded sequence ( x m ) m of p-integrable elements. Set 


y m = a~ x m , then the sequence ( y m ) m is bounded in L p (D,E,ap) thus in LxfTTE.ap). Due 
to the Biting Lemma there exists ye Li [Q k , E, ap) an increasing covering {El k ) k of LI by mea¬ 
surable sets, a subsequence ( y mn ) n such for all integer Jc the sequence of the restrictions of 
the yYn n to El k weakly converges in Li(Qyt,E>ap) to the restriction to El k of y. That is for all 
x* eLooCn^E*), 



equivalently: 



Setting A k = {a e El k : a((a) > 4:}, it is clear that {A k ) k is an increasing covering of Q. and for 



This proves that the sequence (x mn ) „ Biting converges to x = ya p . The assertion x e L p (Q, E) 
is a consequence of the Corollarv l3.11l bellow. The proof of Corollarv l3.8l is complete in the 


case p = 1. 


Let p be a measurable positive valued function, the measure v = ap is o-finite. If the se¬ 
quence (x,„),„ is bounded in L p (0,E, v) applying the first part of the proof we deduce the ex¬ 
istence of a Biting-converging subsequence (x,„ n )„ to an element of L p (Q,E, v). That is there 
exists an increasing covering {Cl k ) k of H by measurable sets such that for all k the sequence 
(x„|Oyt)„ of restrictions to El k o{Ei[D. k ,E,v),Ei{D. k ,E, v)*)-converges to x|Dfc. Define for all 
positive integer k, A k = El k n {oo : k~ l < P(<jl>) < 7c}. Since p is positive valued, the v-negligible 
sets are the p-negligible sets. Moreover {A k ) k is an increasing covering of O by measurable 
sets such that for all k the sequence (x„ | Ajt) „ of restrictions to A k o (Li ( A k , E, p) , Li ( A k , E, p) *) - 
converges to x|Afc. □ 

Proposition 3.9 Any convex CcL 0 (O, E) closed for the convergence in local measure is Biting 
sequentially closed. 

The proof of Proposition l3.9l is an immediate consequence of the following Lemma: 

Lemma3.10 If{x m ) m Biting-converges tox there exists a sequence (x m ) m convergingin local 
measure to x such that for all integer m, x m e co{x n , n> m } 
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Proof of Lemma l3Tl0l Given a a positive valued integrable function less than 1, the topology 
of convergence in local measure is defined by the distance: 


d^(x, 


y) 


-Lt 


j|xM--yM| 

+ ||x(oj) — 3 /( 00 ) || 


a(o))dp((jD). 


Since the sequence {x m ) m Biting converges to x there exists an increasing covering [D.k)k of 
O such that for every integer k the sequence (x,„ln k )m weakly converges in Li (0,E) to xln*.- 
Pick an integer k m such that f n c ad\x < Due to Mazur’s Lemma, xln*. is in the strong 

closure of co{x n Iq,. , n > rn}, thus there exists an element x m e co{x n , n > m] such that 
ll(x-x m )ln fcm II 1 < 3 »* * But 


d^[x,x m ) < d^[x, xln km ) + d ^ (xl^j^ , x, w 1 o. km ) + d^ ( x m 1 o . km , x m ) 


therefore: 

d^{x, x m ) < 2sup d |j,0) + d ^ {x\Q km , x\Q km ), 

and we get: 


^(x,x m )< ad\i+ f ^ Xr 0} ad|i<2-^—+ ||(x-x w )l Qt ||i<3-^—= —. 

Ja. c km Jn km 1 + Hx-Xmll 3 m km 3 m m 

This proves that the sequence (x m ) m converges in local measure to x. The proof of Lemma 
13. lOl is complete. □ 


Since by Patou’s Lemma every norm closed ball of L p (Q,E) is closed for the convergence 
in local measure it follows: 

Corollary 3.11 Let l < p < 00 . The norm closed balls ofL p (Q, E) are sequentially Biting closed. 

Definition 3.12 (see /5j/J A subset X of Lo(D,E) is said to be Nagumo tight if there exists a 

Nagumo integrand h such sup I h{x)d\i < 00 . 

xeX J n 


Remark 3.13 

If M is a E-valued multifunction with nonempty weakly compact values and with T ® 3$(E) - 
measurable graph, the integrand /(cl>, e) = is measurable, then / is an example of 

Nagumo integrand. As a consequence, for a such multifunction, the set of measurable al¬ 
most everywhere selections of M is an example of Nagumo tight set. 

Let us give another useful example of Nagumo tight sets. 

Proposition 3.14 IfE is a reflexive Banach space, then every converging sequence in the Biting 
sense is Nagumo tight. 

Proof of the Proposition |3J4j When E is reflexive, every integrand of a-Nagumo type is a 
Nagumo integrand. By the Dunford-Pettis Theorem, every weakly compact set X in Li(D,E) 
is uniformly integrable, thus from Theorem 13.41 [b), X is Nagumo tight. Therefore every 


13 










weakly converging sequence in Li(D,E) is Nagumo tight. Let a sequence (x, 3 )„ converging 
in the Biting sense. If [Ll k ) k is the sequence of measurable sets appearing in Definition 13.61 
let A 0 = D 0 and for k > 1, A k = Ll k \Ll k -i. Since every weakly compact set X in Li(Afc,E) 
is uniformly integrable, for each integer k there exists a Nagumo integrand h k defined on 

A k x E such that: sup / h k {x n )d\i < 2~ k ~ l . Define h k (u>, e) = h k ( cd, e) if a) g A k and 0 if not; 

n JAjc 

h = ^h k , then h is a Nagumo integrand which satisfies 

k 



This proves that the sequence (x, 3 ) n is Nagumo tight and ends the proof of the Proposition. □ 

Definition 3.15 (see 071/ Section 6 and Lemma 6.1.1) A subsetX o/Lo (O, E) is said to be weakly 
flexibly tight if for every set A of finite measure, for every e > 0, there exists a measurable mul¬ 
tifunction (see Definition \4.1\) M e with nonempty weakly compact values in E such that for all 
xeX, 


p(An {cd g Q: x(od) £ M e (oo)}) < e. 


The following result makes a link between Nagumo tightness and the notion of weak flexible 
tightness used in KTT) Theorem 8.1.6. 

Proposition 3.16 Let E be a separable Banach space. A countable weakly flexibly tight subset 
of Lo (LI, E) is Nagumo tight. 

Proof of Proposition 13 .161 Suppose that X = {x n , n e IN} is a countable weakly flexibly tight 
subset. First, let us prove the following lemma: 

Lemma 3.17 The following assertions hold: 

(a) For every measurable set A of finite measure, for each e > 0 there exist a measurable mul¬ 
tifunction L e with weakly compact values a measurable set A e c A with p(A e ) < e and for all 
xeX, for all co g A£, x(oo) g L e (cd) . 

(b) Proposition 13. 1 61 holds if LI is of finite measure. More precisely there exists a measurable 
multifunction M with weakly compact values such that every x g X is an almost everywhere 
selection o/M. 

Proof of Lemma l3.171 Let e > 0. For every integer n keep the multifunction M_e_ of Def¬ 
inition [37T5J The measurable sets A,, = {cd e A : x„(cd) £ M_c } and A e = U»A,, satisfies 

2 n+I 

u(A„) < -^rn an d p(A e ) < e. If L e = n w M £-> then L e is measurable with weakly compact 
values. L e and A e satisfy the assertion ( a ) of Lemma l3.171 

Suppose O has finite measure. In order to prove the second assertion, let us build a multi¬ 
function M in the following way. Set Ao = LI. From the first assertion, there exist a measurable 
set Ai such p(Ai) < a measurable multifunction Ki with weakly compact values such for 

every cd g A 0 \Ai, for every x e X, x(cd) g K^cd). Suppose build A n and K„ such p(A„) < 

K„ is measurable with weakly compact values such for every cd g A„_x \A n , for every xgX, 
x(cd) g K, 3 (cd). From assertion (a), applied to the measure space A n , there exist a measur¬ 
able set A„+i c A , 3 a measurable multifunction K„+i with weakly compact values defined 
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on A n such |i(A„+i) < and such for all u> e A n \A n +i, for every xeX, x(u>) e K„ + i(to). 
Set Aqo = n„A„ (then pfAoJ = 0), M(oj) = K„(co) if co e A„_i\A„, {0} if co e Aoo. Then M has 
nonempty weakly compact values, is measurable in sense of Definition l4.21 and by construc¬ 
tion for every co e A^, for every xeX, x(co) £ M(co). Due to the Remark 13.131 the set X is 
Nagumo tight. □ 

End of the proof of Proposition 13. 161 When the measure p is o-finite, let (El p ) p be an in¬ 
creasing covering of El by measurable sets of finite measure. Using the above lemma, for 
each integer p there exists a measurable multifunction M p with nonempty weakly compact 
values defined on Q p such for every xeX, for almost every oo £ Q p , x(co) £ M p (co). Define 
then the multifunction M by M(oo) = Mo(co) if oo £ Qo> M(co) = M p (co) if co £ El p \El p -i. By con¬ 
struction the multifunction M is measurable with weakly compact values. Moreover since 
X is countable, every element of X is an almost everywhere selection of M and Remark l3.13l 
allows to conclude. □ 

4 Measurability and polarity 

In the sequel the tribe T is supposed to be p-complete and E is a locally convex space. The 
epigraph multifunction of an integrand / : El x E —<• 1R is the multifunction epi f defined by 
epi /(co) = epifu- Let E* be the topological dual of E. The Fenchel-Moreau conjugate of / is 
the integrand /* defined on El x E* by /*(co, e*) = (/ w )*(e*). A Suslin space is a continuous 
image of a metrisable separable complete space. Let (E,t) be a Suslin locally convex space 
often denoted by E T . Let o = cr(E,E*) be the weak topology on E. On the topological dual 
E*, let cr* = cr(E*,E) be the weak star topology on E*. Notice that if E is a separable Banach 
space, then E CT and E*. are examples of Suslin locally convex spaces. The tribe 38(E) is the 
Borel tribe of E T , 38 (E a ) is the Borel tribe of E CT and 38(E* t ) is the Borel tribe of E*» . A Suslin 
space is hereditary Lindelof (that is with the property that every covering of an open set by 
open sets admits a countable subcovering). Therefore if E, F are Suslin spaces then xF) = 
38(E) x 38(F). Recall the following notions. 

Definition 4.1 (1S31 IS 1/ VII. 1) Let F be a Suslin space. A closed and F -valued multifunction 
M defined on El is said to be measurable if its graph is T ® 38(F) measurable. 

Definition 4.2 ( 0/ VII. 1) Let (E, t) be a Suslin space and let f : El x E —>■ 1R be an integrand. 
The integrand f is called normal on El x E x if it is T ® 38 ( E T ) measurable and for every or £ El 
the function /,, is t -lower semicontinuous. 

Proposition 4.3 (see 1531/ Proposition 2 and 0/ Corollary VII-2) Let E be a separable Banach 
space and let f : El x E -*■ 1R be a T ® 38(E) measurable integrand. The Fenchel-Moreau conju¬ 
gate integrand f* is a convex normal integrand onElx E*«, and the restriction of the biconju¬ 
gate f** to El x E is a convex normal integrand onElx E CT . 

Proof of Proposition l4.31 It is an immediate consequence of the following lemma. 

Lemma 4.4 (see WW Lemma 8, 0/ Corollary VII-2) Let (E, t) be a Suslin locally convex space 
with topological dual E* and let f : O x E —» 1R be a T ® SB (E T )-measurable integrand. The 
Fenchel-Moreau conjugate integrand f* is a convex normal integrand on El* E* * . 
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By the use of the projection Theorem and a Castaing representation of the epigraph multi¬ 
function of /, the proofs of (60) Lemma 8, (9| Corollary VII-2 are valid even when / is only 
supposed to be a T ®5S(E T )-measurable integrand. When E is equipped with the norm topol¬ 
ogy it is a Suslin locally convex space. Moreover E* „ is a Suslin locally convex space space too 
with topological dual E. Therefore the two parts of Proposition l4.3l are easy consequences of 
Lemma lPl The proof of Proposition l4.3l is complete. □ 

Definition 4.5 A sequence ( f„) n of extended real valued integrands is said to be quasi inf-o- 
compact for every slope if for every to e Tl the sequence of functions (/ n (u),.))„ is eventually 
bounded below by a function that is inf-a-compact for every slope. 

Theorem 4.6 Let E be a separable Banach space and (/»)„ be a sequence of T ® BS{E) mea¬ 
surable integrands defined on O x E. The pointwise weak lower sequential epi-limit integrand 
f is defined for all (a>, e) e Tl x E by /(w, e) = seq a - li e f , u (e). Under one of the following 
assumptions the integrand f* is normal on Tlx E*. (and moreover f** is normal on Tlx E CT J: 

(a) The sequence (/«)„ is quasi inf-a-compact for every slope in the sense of Definition \4.5[ 

(b) The Banach E is reflexive and separable. 

Proof ofTheorem l4.6l Due to Proposition0”3]it suffices to proves that f* is normal onfixE*,. 
We begin with the following lemmas: 

Lemma 4.7 Let (E, || ,||) be a separable Banach space and let (f n )n be a sequence of T ® £S(E) 
measurable integrands defined on Tlx E which is quasi inf-o-compact for every slope. Iff = 
seq o - li e f n , then f* is normal on Tlx E*„. 

Proof of Lemma l4~7l Due to Proposition l4.3l the integrands f* are normal integrands. From 
Corollarv l2.13l and Definition l4.5l we have limsup f* = f*. From Definition l4~2l f * is a normal 

n 

integrand on O x E*„. □ 

Lemma 4.8 Let (E, || .||) be a separable reflexive Banach space and let (/„)„ be a sequence of 
T ® SB(E) measurable integrands defined on Ox E and bounded below by some measurable 
function h : Tl —• 1R. Iff - seq cr - li e f n , then f* is a normal integrand on Tlx E*.. 

Proof of Lemma l4.81 The non negative integrands g n = f n - h are T ® 38(E) measurable. For 
each integer k define g, h k = g n + A: -1 1|.|| 2 and g k = seq a- li e g n k . The integrands g n> k are 
T ® 38(E) measurable, bounded below by A: -1 1|.|| 2 , thus from Lemma [4771 for each integer 1c, 
g* is normal onOx E*.. Moreover 

f~h = inf seq a - li e g nt k = infg fc , 

k k 

therefore f* + h = sup gfi The integrands g* being normal, Definition 14.21 shows that the 

k 

integrand f* = sup g* c -h is a normal integrand on O x E*.. The proof of Lemma l4.8l is com- 

k 

plete. □ 

End of the proof of Theorem 14.61 The first assertion is exactly Lemma 14/71 Suppose now 
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E is reflexive and separable. For each integer k define f lt k = sup(/„ , -k). The /„, k are mea¬ 
surable and bounded below by k. If f k = seq cr - li e f n> k applying Lemma lPl we deduce that 

each fk* is a normal integrand on O x E*«. But/ = infkfk, then the integrand/* =sup/t* is 

k 

a normal integrand on D, x E* „. The proof of Theorem l4.6l is complete. □ 

Assume as precedently that the Banach E is separable. When E* is equipped with the tribe 
38(E* t ), it is known that a function x* : Q -» E* is measurable if and only if it is scalarly mea¬ 
surable, that is for every e e E, the map a) •— (x* (w), e) is T-measurable. Indeed as a function 
x* : T2 —► E* is scalarly measurable if and only if the inverse image of each weak* open trans¬ 
lated half-space of E* is T-measurable, it suffices to prove that the tribe 98 generated by 
the weak* open translated half-spaces coincide with 5S(E*,). Since E is strongly separable 
the dual norm ||x* ||* of any scalarly measurable E*-valued function is T-measurable. Let 
L p (Q,E*«) 1 < p < oo be the set of equivalence classes for the equality almost everywhere of 
scalarly E*-valued functions x* such ||x* ||* e L p (T/]R). Then it is known (see [36) for p = 1, 
and [2T) Theorem 2.112 ), that the strong dual of L p (Q,E) is L^I/E*,) with the duality pair¬ 
ing 

(x*,x)= / <x*( 0 L>),x(a))}dp( 0 L>). 

Jo 

The following useful duality result is an immediate consequence of the main Theorem in 
(60) and (9) Theorem VII-7 (which is valid when the decomposable spaces considered are 
subspaces of scalarly measurable functions instead of subspaces of scalarly integrable func¬ 
tions). 

Theorem 4.9 (see (60j/ main Theorem, f9|/ Theorem VII-7) Let E be a separable Banach space 
and g : Q. * E* —> R be a normal integrand on LI x E*„. Ifl g is finite at at least one point 
c/Loofl/E**) then for the duality between Looif/E**) and Li(Ll,E), for every x e Li[Ll,E) we 
have I*(x) = I g * (x). 

5 Two properties of the Mackey topology x (Loo (H, E * *), L x (O, E)) 

In this section we suppose that the Banach E is separable. As above, 38(E *,) is the Borel tribe 
of (E*,cr(E*,E)). Recall that the Mackey topology t* = T(Loo(0,E*,),Li(n,E)) is the topology 
of uniform convergence on the cr(Li (Q, E), Loo(n, E*,))-compacts convex sets of Li (Q, E). 

Proposition 5.1 The cr(Li (H, E), Loo(n, E*J) -compact sets are uniformly integrable. 

Proof of Proposition [5TTJ Since Li(T2,E)* = Loo(0,E*«), due to Eberlein-Smulian Theorem, 
each aiLi^E/LoolQ^.fi-compact set is a a(Li(n,E),Loo(n,E*,«))-sequentially compact 
set therefore it is a alLilTTETLooli/E^Jl-conditionally compact set (every sequence has a 
weakly Cauchy subsequence), and we use 07) IVTheorem4. Other proof: see also (18). □ 

Corollary 5.2 IfE is a separable Banach space, for every bounded sequence (x*) inE OQ (D.,E* it ), 
for every decreasing sequence (A„)« of measurable sets with a negligible intersection, the se¬ 
quence (x*l A J„ t* -converges to the origin. 
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Proof of Corollarv l5.2l The topology t* being the topology of uniform convergence on the 
convex aCLiCQ^bLoo^E^Jl-compact sets, Proposition ^. II gives the result. Indeed, con¬ 
sidering a CT(Li(n,E),Loo(n,E*«))-compact set K, it suffices to use Theorem 13.31 (a) and to 
remark that: 

sup | / (X,X* n )d[l\ < (sup IIX* lloo) sup IIXl A „ II1 • □ 

xeK JA n n xeK 

Proposition 5.3 Letx* be the Mackey topology ), Li (O, E)). Given a sequence (/„) „ 
of extended real-valued T ® SS a * (E*) measurable integrands defined on £1 xE* such that there 
exist an element Xq e L^ILE*,), an element u 0 £ verifyingfor every integer n f n {x*) < 

Uq, then with f = ||.||* - ls e f n one has 

x* - ls e lfn < If. 

Proof of Proposition l5.31 Clearly considering g n (o,e) = /„((o,jCq + e)-uo(io), one can suppose 
that x* = 0 and uq = 0. Let us endows E* with the dual norm ||. || * and E* x ]R with the product 
norm and the tribe 3§(E* t x ]R) . We denote the unit ball of E* by B* and the unit ball of 
LooiaE*,) by Boq. Let x* £ Loo^E*.), r e 1R verifying I/lx*) < r < oo. Then there exists 
u £ epif, integrable such fix*) < u and f ud\i < r. Due to Definition 12.31 for every co £ 
O, epifa - liminf n epif nu> , hence the function s„(o>) = d{{x* (to), wfio)), epif n{ fi converges 
simply to 0. 

Lemma 5.4 The integrand g(u>, e *, r) = ||x*(w)-e*||* + |a(to)-r| isT®SS(E^ t . x]R) measurable. 

Proof of Lemma l5.41 Let x* be a scalarly measurable function. Since the map (o),e*) >-<■ e* is 
T ®SB(E *„)-measurable and the map (w,e*) >-*■ x*(o>) is measurable too, the map (to,e*) >-*■ 
x*(o>)-e* isT ®5g(E*„)-measurable. The dualnorm ||.||* being cr(E*,E)-lower semicontinu- 
ous, the map (to,e*) ||x*(to) - e* ||* is T ®5§(E*„)-measurable and the integrand 

h : (to, e* ,r) >-* || x* (to) - e*||* 

isT®5§(E*„ x]R)-measurable. The Caratheodory integrand (to, r) |a(o>)-r| being T® 
measurable, the integrand 

k: (to, e* } r) y * | i/(<o) — r| 

is T ® hH(E*» x ]R)-measurable. Then g = h + k is the sum of T ® b§(E* t x ]R) measurable 
integrands hence it is T ® g$(E *. x ]R) measurable. The proof of Lemma [5~4l is complete. 
Since f n is T ®h$(E*,) -measurable, the multifunction epif n has a T®5§(E*. x ]R)-measurable 
graph and the above lemma ensures that g is T ®b%{ E*. x ]R)-measurable. Therefore, due to 
m Lemma III 39, the function s n is T-measurable. Let a be a function in Loo(C, 1R) n Li (Q, 1R) 
with positive values such / adp = 1 andlete = r-f ud\i. Since every a(Li(D,E), Loo (D,E**))- 
compact set is bounded, the strong topology of L^(D, E**) is stronger or equal that t * . Let V 
and W be symmetric t*- neighbourhoods of 0 such W + WcV, and 0 < p < | such 2paBoo c 
W. 

Define Q. n = n i c > n {Sk < P«}. Then (O n )„ is an increasing covering of E2 by measurable sets. 
Due to Corollarv l5.21 the sequence (x* 1 n c)„ T*-converges to 0. Thus there exists an integer 
n w such n > n w => x* 1 a c £ W. Since g is T x bS(E*„ x ]R)-measurable, the multifunction 

r„M = {(w,e*,r) :g(w,<?V) < s„(co) + -Pa(co)} 

n 
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has a T x gg{E* t x ]R) measurable graph. On each Ll n , T„ n epif n has a T x SS{E* t x ]R) mea¬ 
surable graph and nonempty values. Due to 0 Theorem III 22, on each Q n , there exists a 
scalarly-measurable selection (x*, u n ) of epif n satisfying 

llx*-x*||* + \u-u n \ < 2 pa. ( 2 ) 

Define x„ (co) = x*(a>) if co e Ll n , 0 otherwise; and uf{(n) = u n { to) if to e n„, 0 otherwise. Then 
due to ( 2 ): 


n > % => x - x* n = {x -x,*)ln n +x l n c e 2paBoo + Wc W + Wc V. 
Since /„(0) < 0 we get f n (Xn) < 77^7 and using (2): 

l fn (x*)< / u n d\i< I (u + 2pa)dp< / (M + ea)dp. 


(3) 


Hence with (3) 

and since V is arbitrary: 
Therefore for every x*, 


limsup inf D(y*)< / (u + ea)du = r, 

n y*ex*+V Jn J J a 

t* - /s e I/ n (x*) < r. 
r* - Zs e I/„(x*) <I/(x*). □ 


6 Convergence results 

In this section E is a separable Banach space and we consider now a topological subspace 
{SC,ST) of L 0 (n,E), satisfying at x e SC, as the usual topologies on the spaces L p , 1 < p < oo, 
the following property: 

(P) Every sequence ST-converging to xe SC converges to x in the Biting sense. 

Definition 6.1 Let (I, <) be a totally ordered set. We will say that a family {ffiei of functions 
satisfies eventually a property (3P) if there exists i 0 £ I such that the family (//);>/„ satisfies this 
property. 

Definition 6.2 Given a sequence ( f n ) n ofii-valued integrands defined on Q x E, we will say 
that a sequence (x n ) n satisfies the boundedness property (with respect to (/„) n ) if the sequence 
iff (x n )) n is eventually bounded in Li(n,lR). The sequence {x n ) n is said to satisfy the lower 
compactness property (with respect to (f n ) n ) if the sequence iff (x, 2 )) n is eventually uniformly 
integrable in Li (0,1R). 

Theorem 6.3 Let E be a separable Banach space and let (/„) n be a sequence of T ®3S(E) mea¬ 
surable and H-valued integrands. Suppose that property (P) holds. Given x e SC, a Nagumo 
tight sequence {x n ) n ST-converging to x and satisfying the boundedness property, then for 
f - seq o - li e fn one has: 

limmfly n (x„) >I/*.(x)-8 + ((-/„(x„))„). 
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Corollary 6.4 Let E be a separable Banach space and let (/„) n be a sequence of T ® 38(E) mea¬ 
surable and 1R- valued integrands. Suppose that property (P) holds. Given x e 3C, a Nagumo 
tight sequence (x n ) n ST-converging to x and satisfying the lower compactness property, then 
with f = seq o - li e f n one has 

liminfl/ n (x„) >I/**(x). 

When E is is reflexive and separable, the assumptions on tightness are satisfied (Proposition 
13.1411 and we obtain: 

Corollary 6.5 Suppose E is reflexive and separable, x e ?£, and property (P) holds. Given a se¬ 
quence (f n ) n of T ® 38(E) measurable integrands, then for every sequence (x n ) n 3~-converging 
to x e S3 and satisfying the boundedness property, the following inequality holds with f = 
seq o — lie fn> 

liminfly (x„) > I/*« (x) - 6 + ((-/„ (x n )). 

n j j 

If in addition (x n ) n satisfies the lower compactness property then, 

liminfl /n (x„) >I/**(x). 

The following definition, when the sequence (/«)„ is constant, is exactly the criterion put in 
light by A. D. Ioffe in the study of the strong weak-semicontinuity (313 • 

Definition 6.6 Given a sequence ( f n ) n of 11-valued integrands defined on Qx E, we will say 
that it satisfies the ST -Ioffe’s criterion at x e ?£ if for every subsequence (fn k ) k and every se¬ 
quence (x k ) k 3~-converging to x such the sequence (I j n (x k )) k is bounded above, the sequence 
(x/J k has the lower compactness property with respect to ( fy k ) k ■ 

Corollary 6.7 Suppose E is reflexive and separable, xef, and property (P) holds. Given a 
sequence ( f n ) n of measurable integrands satisfying the IT-Ioffe’s criterion atxeSL, then: 

seqST -li e l fn (x) >I/**(x). 

There exists a converse of Corollarv l6.71 Recall that a subset X of L 0 (fi, E) is said to be decom¬ 
posable, see EU, if given elements x, y of X, then for every measurable set A, z - xIa + ylA c 
is also an element of X. We will suppose that the topological space {SL,ST) satisfies the fol¬ 
lowing property: 

(Q) Given a sequence {A n ) n of measurable subsets such for every measurable set A of finite 
measure limp (A n A„) = 0, and two sequences {x n ) n and ( y n ) n 3~ -converging to x e DC, then 

n 

the sequence [z n ) n , with z n = x n 1 ,\„ + y n 1 a', > is ST-converging to x. 

Theorem 6.8 (see f26 1/ Theorem 4.2) Suppose the measure p is atomless, the topological space 
[ST, ST) is decomposable and satisfies property (Q) at some point x e SC. Given a sequence {f n ) n 
ofB.-valued measurable integrands defined on flxE and a T ® SS(E) -measurable integrand 
1R- valued f satisfying: 

for every e > 0 there exists a sequence ( y n ) n ST-converging to x such 5 + ((/“ (y„)) n ) < e and 
limsup I/„(y n ) < I/(x) +e. 

n 

Then if -oo < 1/ (x), the Ioffe’s criterion lKB is necessary to get the inequality 

lfix) < seq.T-li e \f n [x). 
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Notice the following simple statements of the Ioffe’s criterion: 

Lemma 6.9 (see 1261 Lemma 4.1) Suppose that there exists a ST-converging sequence (y„) „ to 
xeX such the sequence (I f n (y n )) n is bounded above. 

(a) the Ioffe’s criterion is equivalent to the following: 

'for every sequence (x n ) n IT-converging to x such that the sequence is bounded 

above, the sequence (x n ) n has the lower compactness property with respect to (/„) n ’’. 

(b) Moreover if the measure is atomless and if the topological space SC satisfies the property 
(Q), then the Ioffe’s criterion is equivalent to 

" every sequence (x n ) n ST-converging to x has the lower compactness property with respect to 

(/»)„"■ 

Proof of Theorem l6.31 We begin with a sequence of preliminary propositions. 

Proposition 6.10 Given a sequence ( f n ) n of measurable integrands bounded below by a Nagumo 
integrand, wehaveonSC = Li(£2,E), whenST is the weak topology and f = seq a - li e f n : 

seqST -li e \ fn > 1 /**. 

Proof of Proposition 16. 101 Let g = ||.||* - ls e ff be the integrand pointwise upper epi-limit 
of the f* for the topology of the dual norm ||.||* defined by g((o,e) = ||.||* - ls e f*^(e). The 
sequence if n ) n being bounded below by a Nagumo integrand and the topology of the dual 
norm on E* being stronger than or equal to the Mackey topology t(E*,E), then from Corol- 
larv !2.131 we have for (almost) every a), g (II = lim sup , 3 f(f = f* therefore g = f* and from The- 
orem !4.61 g is a normal integrand on Q x E*«. Since the f n ’s are non negative, then for every 
integer n, f* (0) <0. From Proposition lOl with the Mackev topology t * = TlLoolfl^^J.Liin.E)) 
(in case E is a Banach space with strongly separable dual, from [27] Corollary 4.8), 

T " lSel fn - ^ • 


Thus with Proposition l2.51 


(seq o - li e l fn )* <x* -ls e \ f * <I g . 

As a consequence: 

(seqo -li e lf n Y* > (I g )*. 

and since g(0) = limsup/, ; *(0) < 0, with HI Theorem VII-7 (see Theorem 14.91 1 we get on 
L!(n,E): 

d g )*=V 

and therefore: 

(seqa-li e \ fn )** >I g *. 

But g* = /**, and as a consequence: 

seqo-li e lf n > (seqo-li e \f n )** >1/**. 

This ends the proof of Proposition l6.10l □ 
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Proposition 6.11 Suppose ( f„) n is a sequence of non negative measurable integrands. A Nagumo 
tight sequence (x„) n of elements ofSF = 1^ (Q, E) which weakly-converges to x satisfies 


liminfl/ n (x„) >I/**(x). 


Proof of Proposition 16.Ill There exists a Nagumo integrand h such: supl/fix„) < 1. Let us 

n 

consider now for every e > 0 the integrand g c n = f n + eh. Clearly, /„ being non negative, 
each g z n is bounded below by eh. Therefore from Proposition l6.101 since we have with g e = 
seqo-li e g% > seq o-li e f n = /, we get 

liminfige (x„) > seq a - li e I g e (x) > I g e**(x) > lf**{x). 

But since I f n (x„) > I g e (x„) - e, we deduce: 

liminfl^ (x, ; ) > liminfl g e (x) -e>lf** (x) - e. 


The above inequality being valid for every x e Li (fi, E), for every tight sequence (x„) n weakly 
converging to x, and for every e > 0, the proof of Proposition l6.11l is complete. □ 

Proposition 6.12 For any measurable set K of finite measure the conclusion of Corollary \6.4\ 
holds when 3F - Li (K, E) and ST is the weak topology ofSF. 

Proof of Proposition 16.121 Let a Nagumo tight sequence ( x n )n weakly-converging to x e 
Li (K, E) and satisfying the lower compactness property and 


lim inf I f (x„) < r < oo. 

n Jn 

Due to the lower compactness property of ( x n ) n , the sequence (/,7(*n))„> m is, for m large 
enough, uniformly integrable. 

SettingA„,,„ = {/“(x„) > m }, and r m = sup I f~(x n )d[i, we have lim r m = 0. 

n>mJA n ,m m—>o o 

For every integer m, define f’f = sup(/„, -m), then 


fn( x n) — fn(.X n )l\c jm + f n (X„) lA„, m - fn ( x n) ^A^ lm + fn( x n) ^A n , m ■ 

Since ff\x n )l Anm = -ml Anm , f™[x n ) l A ^ m > f™{x n )l A c nm +f™(x n n An , m = fn\x n ), one has 

fn( x n) ^ f n ( x n) ~ fn (^n)lA n>m ■ 


Therefore for n > m, 


I/„ l x n) — I/™ i x n) 1 m ■ 

Using the above inequality and Proposition l6.1 ll with = seq o - li e ff l we deduce 
r > liminflf n (x„) > lim inf I/™(x„) - r m > l fm ** (x) - r m > I/** (x) - r m , 


and since lim r m = 0, we obtain the desired inequality: If** (x) < r. The proof of Proposition 
I6.12l is complete. □ 
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End of the proof of Theorem l6.31 

Let a Nagumo tight sequence {x n ) n ST -converging to xeSC and satisfying the boundedness 
property. Suppose liminflf n (x„) < r < oo. We can extract a subsequence (. x Hk ) k such 


limsupD (x nk ) < r < oo. 
k 


From (P) the sequence {x nk ) k is Biting converging to x. The sequence (/" {x nic )) k being even¬ 
tually bounded in Li (O, JR), using the other form of the Biting Lemma, Corollary 13.71 in the 
n-finite case with E = 1R, we can suppose (up to an extraction of a subsequence) that the se¬ 
quences ( fn k (x nk ))k an d (. x nic )k are converging in the Biting sense. Let (D p ) be a common 
increasing covering of Q by measurable sets appearing in Definition [3761 Since p is o-finite, 
we may suppose that the L2 p ’s are of finite measure. By the Dunford-Pettis Theorem (2T1 
Theorem 2.54 (see also HZ), (HI) the sequence of restrictions {f~ k (x nk )\CL p ) k is uniformly in- 
tegrable in the sense of Definition 13.41 in Li(O p ,E). This proves that for each integer p the 
sequence of restrictions {x nk \£l p ) k has the lower compactness property with respect to the 
sequence {f nk \Cl p ) k of the restrictions to O p of the integrands f n]c . 

The sequence (/“ ( x n )) n being eventually bounded in Li (H, 1R), w r e deduce that the sequence 
(lf+ k ix nk ))k is eventually bounded above by some positive real number s. Clearly / < g = 
seq o - li e fn k an d from Proposition ^. Ill applied to the sequence [f„ k )k, for every integer p 
on the space Li (D p , E), 



f**{x) + d p< / g**(x)dp < liminfD+ (x H .) < 5 < oo. 
J n„ k Jn k 


The Monotone Convergence Theorem for the upper integral gives: 



For each integer p we have for k > p 



thus 



hence 



Therefore the use of Proposition l6.12l gives 
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and we obtain 


Since If«. w + <oowe 


Therefore: 


or 


equivalently: 


n * * 

r > If** (x) - I f**{x) + d[i+ inf I f nk {x nk )d\i. 
Jn c p k>pJnc p 

n * 

have lim 1 f**{x) + d[i-0, and we deduce: 

p Jn c p 

r* * 

r > I f * * (x) + lim inf inf I f n ,{x n ,)d\i. 

P k>pjQ.c p 

r > It** (x) + inf liminfinf f f n Jx nk )d\i, 

J CT£Z,CT = (Sp)p P k> P Js p 

r > If* (x) - sup lim sup sup I -f nk (x nic )d[i, 

aeZ, fJ=(S„)„ P k>p J S» 


r >I/**(x)- 8 + ((-/„ fc (x„ fc ))it). 

Therefore, observing that if ( v n ) n is a subsequence of {u n ) n we have 6 + ((i;„), ; ) < 5 + ((u„)„), 
we get 

r > I/** (x) - 8 + ((-/„(x„))„). 

The proof of Theorem l6.3l is complete. □ 


Corollary [674] is an immediate consequence of Theorem [63] and Theorem l3.31 Indeed since 
-fn(x n ) < f~{x n ) we have 0 < 8 + ((-/„(x„))„) < 8 + ((/“(x„))„) = 0. 

The proof of Corollary [63] is an immediate consequence of Theorem E31 Corollary EU and 
Proposition l3.14[ □ 

Proof of Corollarv l6.71 

Let us suppose now that the sequence (f n ) n satisfies the £T-Ioffe’s criterion and: 

r > seq ST -li e lf n (x). 

Let a subsequence {f nk )k and a sequence {Xk)k ^-converging to x such r > supl^ (! (xjt). 

k k 

Since (/„)„ satisfies the 2T -Ioffe’s criterion at x, the sequence (x^)jt has the lower compact¬ 
ness property with respect to ifn k )k . If g = seq a - li e fn k the last part of the Corollary ED 
applied to the sequence { f rik )k gives: 


r > lim inf If (x^) > I g »* (x) > If** (x). 
k k 


This last inequality being valid for any r > seq ST - li e lf n {x) , the proof of Corollarv l6.7l is 
complete. □ 

The following result is of interest even if dim{ E) = 1, in the sequel we will use it. It can 
be proved directly using the properties of uniform integrability and of convergence in local 
measure. 
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Lemma 6.13 Suppose the Banach E is separable. Let a sequence ( u n ) n of real valued measur¬ 
able functions converging in local measure to 0 and an uniformly integrable sequence (z n ) n of 
E-valued measurable functions such that z n = u n .y n . If the sequence (y n ) n is bounded in some 
L p (n,E,p p) for some measurable positive valued function (3 and 1 < p < oo, then the sequence 
(z n ) n strongly converges to the origin o/Li (Q, E). 

Alternative proof of Lemma l6TT3l It suffices to prove that every subsequence {z nic )k of ( z n ) n 
admits a strongly converging subsequence to the origin. The sequence (IIy 7Z II) 7Z is bounded 
in some L^TLIEPp) 1 < p < oo, due to Corollary 13 .81 it is possible from any subsequence 
(||y„J)* to extract a subsequence {\\y nkl \\)i which converges in the Biting sense to some 
^ e L p (T2, ]R, p p). Moreover by extraction of a subsequence one may suppose that ( u Hki ) / con¬ 
verges almost everywhere to 0. Let z* e Loo(R, IR, p), and let the integrands defined on Q x ]R 

by 


fi{o,r) = u nki .r.z* (to) and / = 0 = li e fi , then //(||y„ fcj )|| = u nki \\y nkl \\.z* = l|z„ fc/ ||.z* . 

Moreover for every measurable set A , f A \fii\\y nkl ll)|dp < ||z* \\oo-\\z nk IaIIi- The sequence 
(z) n being uniformly integrable, the sequence {fi(\\y nk II))/ is uniformly integrable. There¬ 
fore the sequence (|| y nk II)/ has the lower compactness property with respect to (//)/. Due to 
Corollary ESI 

liminf f \\z„ k \\.z* d\i = liminfl/;(||y„ t ||) > I/© = 0 . 

i J n ' i ‘ 

This inequality being valid for every z* e (O, IR) we deduce that (|| z nk[ ||) n weakly (therefore 
strongly) converges to 0. The proof of Lemma l6.13l is complete. □ 


7 Sequential strong-weak lower semicontinuity. 

In this section we consider a topological space (E, t), a separable Banach space F, with norm 
||.|If, and its weak topology op. We will use two topological spaces [30) and b3/,ST) such 
that 3C c L 0 (D,E) and <3/ c L 0 (D,F). The topologies and ST verify the following assump¬ 
tions: 

(Hi) Every sequence ^-converging to x e & admits a subsequence which converges to x 
almost everywhere. 

(Hj) Every sequence ^-converging to xeSL converges to x in local measure. 

(H 2 ) Every sequence ^-converging to y e 3/ is a converging sequence to y in the Biting 
sense (see Definition l3.6l) . 

(H3) The sets SL and 3/ are decomposable. Moreover given a sequence (A n ) n of measurable 
subsets such for every measurable set A of finite measure lim u(A n A n ) = 0, and a sequence 

n 

(x n , y n )n of elements of 3C x <3f, 5P x ^"-converging to (x,y) e 3C x 3/, then the sequence 
[w n ) n , with w n = {x,y)l A c n + (x„,y„)l A „ SP x 5"-converges to (x,y). 
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Given an integrand / :QxExF^lR, the integrand /** : LI x E x F —► ]R is in this section, 
the partial Fenchel-Moreau biconjugate defined for every (a>, e, e ) e O x E x F by: 

e') = Ue, .)**(</). 


Theorem 7.1 Suppose that assumptions (Fii) and (H 2 ) hold. Let x e 3C and yef, and let 
/: G x E x F 1R fie a T® 5g(E x F) -measurable integrand. Given a sequence (( x n , y n ))n Sf x ST - 
converging to (x, y) and satisfying: 

(a) the sequence {y n ) n is Nagumo tight, 

{b) the sequence {f~{x n ,y n ))n is eventually bounded mLi(F2,]R), 

then with the txct f sequential lower semicontinuous regularization g off defined for every 
(a e G by g w = seq t x a F — li e f t) , 


fiminf I/(x„,yJ >I g **(x,y) -8 + ((-/(x„,y„))„). (4) 

One has in addition lim inf„ I f{x n , y n ) > I/(x, y), when the additional conditions are fulfilled: 

(c) the sequence (( x n , y n ))n satisfies the lower compactness property with respect to f, 

[d) for almost every <x> e LI, g^*(x(a>),y(a>)) = / w (x((o), y(a>)). 

Remark 7.2 Remark (since in this case f = g), that the condition (d) is satisfied at (x, y) when 
the following two conditions hold for every to e LI, 

(?) the function / w is t x oy -sequentially lower semicontinuous at each point of {x{ co)} x F. 

{]) f**(x[yfi, yM) = / w (x (id), y(w)). 

Moreover the condition (d) is satisfied at any (x, z) for ze Y when (/') holds and we replace the 
condition ( j) by: 

{k) / w (x(o)),.) is proper convex. 

(Indeed in this last case / w (x(w),.) is proper convex norm lower semicontinuous, hence we 
have / w (x(to),.) = / w (x( oj),.)**, (52]| Theorem 3.44). Conditions (i) and (k) first appear in 
Balder’s work on seminormality and sequential semicontinuity 0| Theorem 4.9 and Theo¬ 
rem 4.12. The authors in Qj] chapter 8.1 Theorem 8.1.6 obtain a semicontinuity result with a 
mild assumption of type (1), conditions (A;) and (c), a Nagumo tightness assumption too (see 
Proposition ^ .16D and the topology^" considered being cfiLiifTFbLootn.F*)), moreoverthe 
proof is very distinct. 

Remark 7.3 In the condition (i) one cannot replace the weak topology ofF by the strong topol¬ 
ogy as show the example 8.1.8 in TTTl . 

It may happen that condition (d) holds for / and fails for /**: because the semicontinuity 
condition (?) fails as shows the following example. 

Example 7.4 Q = (0,1) endowed with the Lebesgue tribe and the Lebesgue measure dt, with 
E = F = 1R and the continuous integrand f is defined on (0,1) x ]R 2 by 

/(a), s, t ) = max(-|s|.|f|, — 1). 
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Then the lower semicontinuous regularization g of / is equal to /, hence / verifies (z) at 
any point (x,y). Moreover when s = 0, f(s,.)** = = 0: / verifies (j) (therefore ( d )) at 

any point (0, t ) e {0} x ]R; but f{s, .)** = -1 when s ^ 0. Therefore /** is not lower semicon¬ 
tinuous at any point (0, t ) e {0} x ]R. The lower semicontinuous regularization h of /** is 
h{s, t) = -1 = h**{s, t), therefore for any (0, t ) e {0} x IR,/**(0, t) f h**{ 0, f), this proves that 
the condition [d) fails for /** at any point (0, t ) e {0} x ]R. 

Proof of Theorem EU Let reIR such that liminf lf n {x n ,y n ) < r. Since (Th) holds, extracting 
subsequences we may reduce to the case when the sequence {x n ) n converges almost every¬ 
where to x and sup„ I f n [x n ,y n ) < r. Setting /„((*>, e) = /(oj,x„(oi>),e), the sequence iy n )n is 
supposed Nagumo tight and with (fi) is supposed to verify the boundedness property with 
respect to the sequence of measurable integrands (/„)„. Due to assumption (H 2 ), the topo¬ 
logical space {<3/,3~) verifies the property (P) of the previous section. The use of Theorem l6.3l 
gives, with h = seq op - li e fn- 

r > liminf I fn (y„) > l h .* (y) - 8 + ((-/(x„, y„)) „). 

The above inequality is valid for every /- > lim inf„ [y (x„, y„). Moreover we remark that in 
addition, g(x,.) < h, hence we have almost everywhere g**(x,y) < h**{y). This proves the 
validity of the inequality (4). 

If assumption (c) holds, then 0 < 5 + ((-/(x„,y„)) w ) < 8 + ((/ - (x, 3 ,y„))„) = 0. The Assumption 
{d) and formula (4) gives the second semicontinuity result. The proof of Theorem 17.11 is 
complete. □ 

Definition 7.5 (see [34 1/ 1 A measurable integrand f : fi x E x F - li satisfies the Ioffe’s criterion 
at (x, y) g 3£ x 3/ if for every sequence {{x n ,y n )) n & x ST-converging to (x,y) such that the 
sequence {lf{x n ,y n )) n is bounded above, the sequence {f~(x n ,y n )) n is uniformly integrable. 

The corollary below is an extension of the Ioffe’s result (34]. 

Corollary 7.6 Suppose (E, t) is a metrisable topological space, F is a reflexive separable Ba¬ 
nach space and assumptions (H 1 ) and (H 2 ) hold. Let / :fixExF-*]RfeflI® 3B(E x F)- 
measurable integrand satisfying for almost every oj e Q the conditions: 

(z) the function / w is sequentially t x ctf -lower semicontinuous at each point of {x(a>)} x F. 

0‘) /u*UM, yM) = /Jx((d), yM). 

Then, whenever the integral functional I f satisfies the Ioffe’s criterion at (x, y) c 3C x TV it is 
SA x ST -sequentially lower semicontinuous at this point. 

Conversely, suppose that the measure p is atomless, assumption (II 3 ) holds and I / (x, y) f -oo. 
Then the Ioffe’s criterion at (x, y) is necessary for the sequential lower semicontinuity of If at 
this point. 

Proof of Corollarv l7.6l Let us prove first the sufficiency part. When the conditions (z) and (;) 
hold, then due to the Remark lZ2l the condition (d) holds. Let reIR and a sequence ((x„, y n ))n 
SC x 3~ -converging to (x, y) such for every integer n 

I f{x n ,y n ) < r . 
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The Ioffe criterion ensures that the sequence ((x„, y n )) n verifies the lower compactness prop¬ 
erty with respect to the integrand /. Due to (H 2 ) and Proposition l3.14l the sequence iy n ) n is 
Nagumo tight. Since (H 1 ) holds and every sequence converging in local measure admits a 
subsequence converging almost everywhere ([39]) then (Hi) holds. Therefore from Theorem 
17. II we get: 

I/(x, y) < lirninf I/„(x„,y„) < r 

This proves that the integral functional If is sequentially SP x 3~ -lower semicontinuous at 
(x, y). 

The proof of the necessity part is very similar to the proof given by A. D. Ioffe in [34) Theorem 
1. Indeed if Iy is^ y-ST -sequentially lower semicontinuous at (x,y) and the Ioffe’s criterion is 
not true, there exist a real number r, a sequence {{x n ,y n )) n SP x ^-converging to (x,y) such 
the sequence [f~{{x n ,y n ))) n is not uniformly integrable and for every n, lf{x n ,y n ) < r. Since 
If is sequentially lower semicontinuous at (x, y) we get: 1/ (x, y) < r < oo, and by assumptions 
I/(x,y) > -oo, thus /(x,y) is integrable. The sequence {f~{x n ,y n )) n being not uniformly 
integrable and the measure considered being atomless, with the help of Theorem 13.31 (b) 
( 1261 . Proposition 1.7), we have: 


5 + ((/ _ (x„,y„))n) > 0. 

Therefore there exist e > 0, a subsequence ((x /2fc , y WA: )) A: and a decreasing sequence {A k ) k with 
a negligible intersection satisfying: 

f f~{x nk ,yn k )d[i>e. 

4A k 

Set B k = {f{Xn k ,y nk ) ^ 0}, C k = A k n B fc , ix' k ,y k ) = (x,y)lq + (x nt ,y„ fc )l Cfc . Due to H 3 , since 

C k c A k , the sequence ((x fc , y fc )) k is a sequence of elements of 3C x <3/ which Sf x ^"-converges 
to (x, y) and satisfies eventually: 

= f (f( x n k ,yn k )-f(x,y))dn = -[ f~{x nk ,y nk )d[i- [ f(x,y)<~. 
Jc k JA k Jc k 2 

This contradicts the sequential SP x 3 ~-lower semicontinuity of 1/ at (x,y). The proof of 
Corollarv l7.6l is complete. □ 

Remark 7.7 Under the assumption (Q) on the topology SP x ST instead of (II 3 J, the necessity 
part is also a consequence ofTheorem \6.8[ 

Remark 7.8 It may happen that at a given point (x, y) the integral functional I j is sequentially 
SP xST-lower semicontinuous at this point and the sequential 'If x AT-lower semicontinuity of 
If** fails at the same point (x,y). 

Indeed consider the integrand f of Example l7.4l and a point (0, y) e {0} x L 2 ((0,1), IR) and keep 
SC = <3/ - L 2 ((0,1),IR). The integrand / verifies the condition [d) at (0,y), let us prove that 
the integral functional If is sequentially strong-weak continuous on L 2 ((0,1),IR 2 ) at (0,y). 
Let us give a direct proof. Given a strong-weak converging sequence (x n , y n ) n to (0, y), from 
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the Holder inequality the sequence {\x n \.\y n \) n is uniformly integrable since (x n ) n is 2-equi- 
integrable and for every measurable set A: 

I \x n \.\y n \ds < sup ||y„|| 2 sup ||x„l A || 2 • 

J A n n 

Due to Lemma l67l3l the sequence {\x n \.\y n \) n strongly converges to the origin in Li((0,1),1R) 
and we get with f~ = inf(|s|.|f|, 1) = |/|, 


0 < limsup f f (x n (s), y n (s))ds - limsup f |/|(x„(s),y„(s))ds < lim f \x n \.\y n \ds = 0. 
n Jo n Jo 11 Jo 


This proves that the sequence ( f{x n ,y n )) n strongly converges in Li((0,1),1R) (and therefore 
the Ioffe criterion holds for / and -/). Thus 1/ is sequentially strong weak continuous at 
(0, y) because 


lim [ f(x n (s),y n (s))ds = lim [ f {x n {s),y n {s))ds = 0 = IH0,y). 

11 Jo n Jo 

If** is not semicontinuous at (0,y): since f**{s, t) = 0 if 5 = 0 and/**(5, t) = -1 if 5 / 0 then 

lf**(0,y) = 0 > liminflf**(ft -1 ,y) = -1. 

j n J 

8 Lower compactness properties, usual examples. 

The Banach space E is supposed separable. Hereafter (/„)„ is a sequence of extended real 
valued measurable integrands defined onQxE. 

Definition 8.1 LetSC be a set. Afamily SS of subsets of9C is said hereditary if for every element 
X oftifl, every subsetY ofX is an element of SB too. A bornology on SC is an hereditary family 
S/B of subsets ofX stable by finite unions which coversX. 

When {SC, ST) is a locally convex topological space, the most usual homologies are the fam¬ 
ily of ^-bounded sets it is called the Frechet bornology, it is denoted by SB?; the family of 
sequentially 2T -relatively compacts sets is called the ^-Hadamard bornology, it is denoted 
by SB\\, and if more generally t is a topology on SC the family of r-relatively sequentially 
compacts sets (denoted by SB T ) is a bornology. For more simplicity and clarity, in the se¬ 
quel SC will be a normed space of Orlicz type: more precisely a Lebesgue space endowed 
with its Frechet bornology or its Hadamard homologies associated to the strong or weak 
(star)topologies. 

Definition 8.2 Let SC be a normed space contained in L 0 (O,E) endowed with a bornology 
SB. A sequence (/„)« of extended real valued integrands defined on QxE is said to have the 
SB-lower compactness property (denoted SB-lcp) if for every element X of SB, every sequence 
(x n )n of elements in X has the lower compactness property respect to [f n )n- The SB^-lcp is 
called Frechet-lcp, the SBn-lcp is called Hadamard-lcp. Given a topology t on SC, the SB T -lep 
is simply denoted by x-lcp. 
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Before to give concrete examples let us prove the following property. 

Proposition 8.3 Let a homology 38 on a normed subspace 33 o/L 0 (D, E). A sequence (/„)„ of 
extended real valued integrands defined on Tlx E has the 38-lcp if and only if each subsequence 
{fn k )k has the 38-Icp. When t is a topology on 33, a sequence (f n ) n of integrands has the 38 T -lcp 
if and only if every-(-converging sequence {x n ) n has the lep respect to (/„)„. 

Proof of Proposition 18.31 Let X be an element of 38 and {xf)k be a sequence of elements 
of X. Let a subsequence if nk )k of (/„)„. We want to prove that the sequence {x k )k has the 
lcp respect to the sequence ( f nk )k ■ Consider the sequence {y m ) m defined for m > n 0 by: 
y m = Xfc if njc < m < n k +\. Since (/„)„ has the 38- lcp, then the sequence iff (y n ))n is uni¬ 
formly integrable. But {ff k {x k ))k is a subsequence of (/“ (y n ))n> therefore {ff k {x k ))k is uni¬ 
formly integrable too. Now suppose that the sequence (/„)„ has not the 38 T -lcp there exists a 
subsequence (f nic )k a T-converging sequence (Xjt)fc such the sequence {ff k {x k ))k is not uni¬ 
formly integrable. Define y m = x k if n k < m < n k +\. Then {y m ) m T-converges too and has not 
the lcp respect to {f m ) m . The proof of Proposition l8.3l is complete. □ 

Given a Young integrand cf> recall that the Orlicz space L t |j(Q,E, p) = IR+I^ 1 becomes a de¬ 
composable normed space endowed with the Minkowski gauge associated to the sublevel 
setll 1 , llxll^ = inf{I>0:xe r.I^ 1 }. For t> 0, setcf) f (e) = <p{te). 

Proposition 8.4 Let cf> be a Young integrand and a sequence (f n ) n of measurable integrands 
such that: 

for every e > 0 and A > 0 there exists a sequence (u n ) n of non negative uniformly integrable 
functions satisfying eventually 

f n >-e.(p k L)-u n . 

Then the sequence of integrands (/„) n has the Frechet-lcp on L,|, (Q, E). 

Proof ofProposition l8.4l fWhen the measure is atomless, this condition is characteristic f30l ). 
Let (x„), 3 be a norm bounded sequence by m in L(f,(E2,E). Then sup, ; I(|,(m _1 x n ) < 1. If the 
groth condition of Proposition l8.4l holds with X = m~ l then 

8 + ((/“U w )) n )<e + 6 + ((u„) n ) = e. 

Therefore 5 + ((/“(x„))„) = 0. The sequence (/“ {x n )) n being trivially bounded in Li(n,lR) it is, 
from Theorem l3.3l fQ). eventually equi-integrable thus eventually uniformly integrable. We 
deduce that the sequence ( f n ) n has the Frechet-lcp on Lp, (O, E) . □ 

From the above result if S3 = L p (D,E) 1 < p < oo and cf) is the Young integrand c|>(<jl>, e) - 
p _1 ||e|| p , we obtain: 

Corollary 8.5 Let 1 < p < +00 and a sequence (/„) n of measurable integrands such that: 
for every e > 0 there exists a sequence (//.„)„ of non negative uniformly integrable functions 
satisfying eventually 

fn>-e\\.\\ p -u n . 

Then the sequence of integrands ( f n ) n has the Frechet-lcp on L p (Q, E). 
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The case Loo(Q,E) maybe of interest: 

Corollary 8.6 Let p = oo and B be the unit ball of E. Let a sequence ( f n ) n of measurable inte¬ 
grands verifying the property: 

For each A > 0 there exists a uniformly integrable sequence of functions (. u n ) n such that (even¬ 
tually): 

inf f n {.,e)>-u n . 

eeA^B 

Then the sequence of integrands if n ) n has the Frechet-lcp on LodQ, E). 

Proof of Corollarv fOl LooCO.E) is the Orlicz space associated to the Young integrand: 4>(a),e) = 
ib(c) for which cf) A ( 0 L>,e) = i A i B (e) □. 

Proposition 8.7 Let cf) be a Young integrand and a sequence (f n ) n of measurable integrands 
such that: 

for every x eL^{Ll,E), e> 0 there exist A> 0, a positive constant c > 1 a sequence {u n ) n of non 
negative bounded integrable functions satisfying S + ((«„) n ) < e and eventually 

f n > -c.(pxi-x)-u n . 

Then the sequence of integrands (/„) n has the (strong) Hadamard-lcp at x e L,|, {LI, E). 

Proof of Proposition 18.71 Let (. x n ) n be a norm converging sequence to x e L^in.E). If the 
growth condition of Proposition[8Y|holds there exists positive constants A, c > 1 and a bounded 
sequence of integrable functions {u n ) n with 6 + {{u n ) n ) < e satisfying eventually: 


f n >-c.(pxi-x)-u n . 

Therefore eventually: 

fniXn)- < -CC[) A (2(X„ - x)) + U n .(*) 

Since {x n ) n converges to x, we have for n large enough 

lUw-xllcjj < (2Ae _1 c) _1 , or eventually I c|) (A(e“ 1 c)2(x„ - x)) = I C | )A ((e“ 1 c)2(x„ - x)) < 1 
then eventually: 

Ic|> A (2(x„ - x)) = I C | )A (ec _1 e _1 c)2(x n - x)) < ec _1 I^ A ((e _1 c)2(x w - x)) < ec _1 . 

From (*) we get the boundedness of the sequence iff {x n )) n in and: 

6+ ((/« (Xn))n) ^ ^Cl t | )A (2(X„-X)) + 6 + ((U„)„)) < ^C . 

This last inequality being valid for every e > 0 then from Theorem fOl ( a) we obtain the equi- 
integrability of the sequence (/” (x n )) n , thus the uniform integrability of this sequence. □ 
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Corollary 8.8 Let 1 < p < +oo and a sequence (/„ ) n of measurable integrands verifying the 
property: 

For each e > 0 there exists a positive constant c e and a non negative bounded sequence of inte¬ 
grate functions ( Un) n with 8 + ((//.„)„) < e and such that (eventually): 

fn ^ ~C e \\.\\ p -Un ■ 

Then the sequence of integrands (/„) n has the FLadamard-lcp on L p (O, E). 

Proof of Corollarv l8.8[ For every x e L p (E2, E) use Proposition l8.7l and the following inequality: 
\\e\\ p < 2 p_1 (||e-x|| p + ||x|| p ). 

Corollary 8.9 Let p = oo. Let a sequence (f n ) n of measurable integrands verifying the prop¬ 
erty: 

For every x e LoolQ, E), e > 0, there exist A > 0 , a bounded sequence of integrate functions 
( u n ) n such thatb + {{u n )n) < e and eventually: 

inf f n {.,e)>-u n . 

eex+\~ l B 

Then the sequence of integrands (f n ) n has the strong Hadamard-lcp on Loo (EE E). 

Proof of Corollarv l8.91 It is a consequence of Proposition l8.71 remark that Loo (E2, E) is the Or- 
licz space associated to the Young integrand: cpUa.e) = ib(c) for which cf>x(a), e) = i A -i B (e). □ 

In order to give another class of examples of sequences of integrands with the lower com¬ 
pactness property, let us consider a measurable integrand / : E2 x E — 1R. We will use its 
differential quotient defined by the formula: 

[/]( (v,e 0 ,e, r) = [f^]{e 0 ,e, r) = r _1 (/ w (e 0 + re) -/ w (e 0 )) 

If as usually, 1/ is the integral functional associated to the integrand / and if xo is such that 
fix o) is integrable remark that for every x e L 0 (n, E) we have the equality: 

[I/](X 0 ,X, r) = I[/](jc 0 ,. r)(x). 


Definition 8.10 Given a Bornology 88 on a normed subspace 3F of L 0 (E2, E), an integrand f 
is said to have the 88 -differential lower compactness property on SF (denoted 88-dlcp) at x 0 if 
for every sequence {r n ) n of positive numbers converging to 0, the sequence of differential quo¬ 
tients integrands ([ f] (x () ,., r n )) n has the88-Icp. If88 is theFrechet-Bornology (respectively the 
Hadamard bornology, respectively the bornology associated to a topology x) we call this notion 
Frechet-differential lower compactness property (respectively Hadamard-dlcp, respectively t - 
dlcp) at x 0 . 

Proposition 8.11 Let cfj be a Young integrand and f be a measurable integrand satisfying the 
following condition: 

for every e > 0, and every A > 0, there exists a family of non negative eventually integrable 
functions {u r , r e (0,1)} uniformly integrable in Li (Q, 1R) and verifying eventually 

[/](x 0 ,., r) > -ecf>A ~u r . 

Then f has the Frechet differential Icp on Lq, (O, E) at Xo e L<|,(0, E). 
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Proof. Let ( r n ) n be a sequence of positive numbers converging to 0, using Proposition 18.41 
with /„ = [/](x 0 ,., r n ) we deduce that the sequence of integrands (/„)„ has the Frechet-lcp 
on L(|j(n,E). The result being valid for every sequence of positive numbers converging to 0, 

/ has the Frechet-lcp on Lq> (O, E). □ 

Given a Young integrand, and an integrand /, we will use the following assumption: 

(,YJ| )jXo ) x 0 £ L ( |,(fi,E), for almost every oi £ Q, the function fy is Lipschitzian on every ball 
o/E; there exist two positive constants c and A (l such that for every X > A 0 there exist p > 0 and 
an integrable function U\ £ Li (O, ]R) verifying: 

sup c|)* (Ae*) < cc()(Pe) + t/A - 

e*ed c f(x 0 +e) 

Where 5 C is the Clarke subdifferential see fZ3l/. («5fy) denotes (Lfipfy. 

Proposition 8.12 Let cf> be a Young integrand and f be a measurable integrand satisfying the 
condition (Lfy , :X(t ). Then f has the Frechet differential lep on L ( |, (Q, E) at x 0 £ {Cl, E). 

Proof. This is a consequence of Proposition ^. 1 ll and the following Lemma with e = 0: 

Lemma 8.13 A measurable integrand f : XI x E -*■ 1R satisfying {S^ x 0 ) verifies also: for every 
e > 0 and every X > 0, there exist r e > 0 an integrable function u Ei \ such that for 0 < r < r e and 
e,e :eE 

|r _1 (/(x 0 + re) - /(x 0 + re )) | < ec [) A (e - e ) + u e , A 

Proof of Lemma [8.131 Let e > 0, X > 0. From Lebourg’s Mean value theorem (T3), for each 
e, e £ E, 0 < r < 1, for each a) £ L2 there exists 0 < 0„(a>) < 1 ,y = x 0 + Qr{e-e ) and x* £ 3 c /(y) 
such for every e > 0 and X > 0: 

r” 1 (/(x 0 + re) - /(x 0 + re')) = <(eA) _1 x*, eX{e - e)). 

Therefore due to the Young inequality, and condition («5fy), when (eA) _1 > A 0 that is when 
e < A -1 A 0 1 , there exist P > 0 and an integrable function W( eA) i verifying eventually: 

| r” 1 {fix o + re) - f{x 0 + re')) \ < 4>* ((eA) -1 x*) + cf»(eA(e - e )), 

\rf 1 lf{x 0 +re)-flx 0 +re))\ < c<p{fi{Q n r{e-e))+u {eX) -i+e(\>\{e-e) < cA<p{$Ae)+e<p\{e)+U( eX] -i 
when we have eventually: 0 < cA < e and 0 < pr 5 < A, we deduce: 

I r~ l {fix o + re) - f{x 0 + re)) \ < 2cc|>a + u (eA) -1 
This ends the proof of Lemma l8.131 □ 

End of the proof of Proposition ^. 121 Since / satisfies the condition of Lemma l8.131 it satis¬ 
fies the growth condition of Proposition l8. Ill therefore / has the Frechet differential lcp on 
L(|>(f2,E) at Xo £ L(|>(f2,E). The proof of Proposition l8.12l is complete. □ 
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Corollary 8.14 A measurable integrand f : Q * E — fl\ satisfying the condition ofLemma \8.13\ 
(or clearly the condition Ufy Xn )) at x 0 £ L ( |,(Q, E) verifies too eventually: 


sup |I/(x 0 + rx ) - I/(x 0 + ry)| - mr\\x-y\\$ < 0 . 

llJcll^fil.Hyll^Sl 

Proof. Let be the unit ball of L^TTE), when / satisfies the condition of Lemma l8.131 for 
every A > 0, there exist r\> 0 and u i x -1 such that for 0 < t < r\ and x , y e E): 

t~ 1 \(f(x 0 + tx)-f(x 0 + ty))\ < cj)(i A -1 (x - y)) + i A -i . 

Therefore for every x,y £ AB^, taking x = || x — y||^x and y - IIx- yll^y and t = r||x- yll^ 
we get for r < riA -1 

sup IIx - yll^ 1 r _1 |(/(x 0 + rx) - /(x 0 + ry))| < cf>(i(x' - y')) + u x i A -i 

x,yeAB(|, 2 ’ 2 

thus, for every x,y £ AB^, and r <r\X~ l , 

II * - y ll^ 1 r~ l I (/(xo + rx) - /(x 0 + ry)) | < ^ ) + u x i A -i. 

2 iiyiicp ’ 2 

thus by integration, for every x, y £ AB^, and r < ri A -1 , 

\\x-y\\l 1 r~ 1 \{If(x 0 + rx)-lf{x 0 + ry)\<]-+ f u x i A -idp = m < oo 
Y 2 J o’ 2 

therefore for r < riA -1 : 

sup r _1 |(I/(xo + rx)-I/(x 0 + ry))|- < m\\x-y\\^, 

x,yeeAB^, 

this proves that with r| = r\ A -1 and r < r| we have: 

sup |If (x 0 + rx) - If (x 0 + ry)| - mr ||x - y|U < 0. □ 

JC,yeAB(|, 

Proposition 8.15 Let cf> be a Young integrand and f be an integrand verifying (5^), then the 
condition iA^, iXo ) holds at every point x 0 £ E^fTTE) = {x £ (CT, E): VA > 0,cf>(Ax) £ Li(E2,]R, p)}. 

Proof. Suppose that x 0 £ E^tTAE) and that the integrand f verifies G5fy). Then for every 
A > A 0 : 

sup t|>*(Ae*) < ccf)(P(x 0 + e)) + u x < -ct|)(2pe) + -c(f>(2px 0 ) + u A . 

e*ed c f(x 0 +e) 2 2 

Since x 0 £ E^IQ.E) , then tf>(2pxo) is integrable, this proves that the condition i^ iXo ) of 
Proposition ^. 12l is true at Xn. □ 
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For more clarity and simplicity, in the sequel of this section ST = L p (n,E), p~ l + q~ l = 1. 
Recall that when 1 < p < oo and cf) = p _1 ||.|| p , thenc[>* = q~ l \\.\\ q , when cf) = ||.||, then cf>* = i B * 
where B* is the unit ball of E*. We will made the following assumptions on /: 

{Sf p ): 1 < p <oo and there exist a positive constant c and a q-integrable non negative function 
a such that for every e e E, and e* e 3 c / w (e), 

116*11* <C||6|| P_1 + fl. 

(,%o) There exist q > 0 and an integrable function c such that: 

||e|| <r|^/ w (x 0 ((a) + e)-/ w (x 0 M) >-cM||e|l. 


Corollary 8.16 Suppose 1 < p < oo and cf> = p~ l ||. || p . Let a measurable integrand f : D. x E —*■ 
1R. The following assertions are equivalent: 

(a) for every point xo e L p (Q, E) the integrand f verifies 

{b) there exists a point xo £ L p (E2,E) such that f verifies {Sf$ tX 0 ), 

(c) the integrand f verifies (■9 > p ). 

Moreover when they hold, the integrand f has the Frechet-dlcp at every x 0 £ L p (H, E). 

Proof of Corollarv l8.16l First let us proves that ( b ) => (c). Suppose that / verifies (Sfy iXo ) holds 
with cf) = p _1 ||.|| p and the point x 0 is in L p (E2,E). For almost every ol> g E2, the function f (1) 
is Lipschitzian on every ball of E, moreover keeping A = A 0 in the definition of (.&>&, Xo ), we 
obtain the existence of a positive constant c and an element u of L! (E2,1R) such that for every 
e £ E, and e* e 5 c / w (x 0 + e), 

Ik*||* < c\\e\\ p + u<2 p ~ 1 cl\\x 0 + e\\ p + \\x 0 \\ p ) + u. 

Therefore there exist a positive constant d, an integrable function v such that 

\\e*\\i<d\\x 0 + e\\ p +v 

since for every 0 < s < 1, t —* t s is subadditive, with 5 = q~ l , we get for every e* e 6 c / w (x 0 + e), 

Ik* II* ^ d s \\x 0 + e\\ ps +v s , 

but ps = p - 1, the function v s being ^-integrable we obtain for every e* e 3 c / w (e), 

\\e*\\*<d s \\e\\ p ~ 1 + v s . 

This proves that the integrand/verifies [5T p ) and proves that (b) => (c). Now suppose that the 
integrand / verifies (,5/). Then there exists a positive constant c a non negative ^-integrable 
function a such for e* e 3 C / W (e): 

IIII* <c||e|l p_1 + a, 

therefore since \\e + e'\\ q < 2 q ~ 1 [\\e\\ q + \\e\\ q ), we deduce for e* e 3 c / a) (e): 

||e*II* = {c\\e\\ p ~ l + a) q <2 q ~ l {c q {\\e\\ q[p ~ l] + a q ) =2 q ~ l c q \\e\\ p) +2 q ~ l a q , 
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thus we obtain the existence of a positive real number d > 0 and an integrable function u 
such for every e* £ 5 C / (1) (e): 

Ik* II* < d\\e\\ p + u. 

Then for every point Xo is in L p (n,E), for every e* e 5 c / (1) (e): 

Ik* ||* < d2 p ~ 1 {\\xo + e\\ p + ||x 0 || p ) + u ), 

but for every A > 0 for every e* £ d c f 1) (e), with the above inequality we reach: 

|| Ac* ||f < d2 p ~ 1 || \ qp ~ l e\\ p + \ q {d2 p ~ 1 ||x 0 || p + u). 

This proves that the integrand / verifies [S^, )Xo ) at any point xo in L p (f2,E), withcf) = p _1 ||.|| p , 
and (c) => [a). The proof of the last assertion is an immediate consequence of Proposition 

ra n 

Let us consider the case p = oo. 

Corollary 8.17 If the measurable integrand f satisfies the condition then the integrand 
f has the Frechet-dlcp on LcotTTE) at the point x 0 £ Loofn.E). 

Proof of Corollarv l8.171 Given A > 0, and r > 0 such A -1 r < q, then: 

Ikll < A -1 ^ ||e||r < A _1 r <q, and: [/](x 0 ,e, r) > -A _1 c 

or equivalently the property of Proposition [8JJ] holds with cf) = ib, for every e > 0 and A > 0 
we have eventually: 

[/] (x 0 ,e, r) > -ecf)A(c) -A _1 c.D 

Elereafter L p (T2,E) is endowed with the topology o';, = cr(L p (Q,E)L p (n,E*)) p _1 + q~ l = 1. 

Proposition 8.18 Let 1 <p< oo, the BanachE being reflexive. When p = oo, suppose Lx (£72, E*) 
is separable. Let x 0 £ L p (T2,E) with /(x 0 ) integrable and let us consider the following asser¬ 
tions: 

(a) the integrand f has the o p -dlcp at xo, 

(h) the integrand f has the Frechet-dlcp at x 0 

(c) for every sequence (r n ) n of positive real numbers converging to 0 the sequence of differen¬ 
tial quotients ([/] (x 0 , r n )) n satisfies the o p -Ioffe’s criterion (see Definition \6.6i) at every point 
ofE p (Q, E). 

Then (a) => (b) => (c). Moreover if the measure p is atomless all the assertions are equivalent. 

Proof of Proposition ^. 181 First remark if 1 < p < oo since E is reflexive, then L p (O, E) is reflex¬ 
ive too. Therefore the bounded sets of L p (T2,E) are the relatively sequentially o p -compacts 
sets. When p - oo, since L^G.E*) is separable, the bounded sets of LoofTTE) are the rela¬ 
tively sequentially o^-compacts sets. Therefore from Proposition 18.31 ( a ) o (h). Then al¬ 
ways [a) o ( b) => (c). Conversely, let us prove that (c) => ( b). If (b) fails there exist a sequence 
(: r n ) n of positive real numbers converging to 0, and a bounded sequence {x n ) n such the se¬ 
quence ([/] _ (x 0 ,x n , r n )) n is not uniformly integrable. Since the measure p is atomless from 
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Theorem l3.3l ffi). due to the definition of the index of equi-integrabilitv Definition l3.2l there 
exists a decreasing sequence {A k ) k of measurable sets with a negligible intersection and a 
Op-converging subsequence {x nk ) k satisfying: 


lim 

k 



{xo,x nic , r nic )d\i > e > 0. 


Define B k = A k n {[f]{x 0 ,x n]c , r nk ) < 0}. Then since [/](x 0 ,0, r n ) = 0, 


[/] ix 0 ,x nk ,r nic )l Ak = - [f]{xo,x„ k ,r nk )lB k = -[f](xo,x„ k lB k ,r nk ), and 
I [frixo,x nk lB k ,r nk )d[i= I [f]~(xo,x nk ,r nk )d[i. 

JAlc JA k 

But 1 < p < oo thus 1 < q < oo, and since [A k ) k has a negligible intersection, the sequence 
{Xn k 1 R k )k o’p-converges to the origin and verifies for every integer k: 

kfKxo,.,r nk )U nk l Bk )<0 , and 

lim I [ f]~ {xo,x nic l Blc , r nk ) - lim I [/]“(x 0 ,x njt , r Wjt )d|a > e > 0 . 

fc JA fc fc JA k 

This proves with Theorem|33](h), that the Op-Ioffe’s criterion for the sequence ([/] (x 0 , r llk )) n 
fails at x = 0. We have proved the desired equivalences. □ 


9 Solid and integral Bornologies, subdifferentials 

In this short section, we provide statements and proofs valid in a more general setting than 

the Lebesgue spaces. Let [3£, ||. ||) be a normed space. Recall that the differential quotient [/] 

_ 

of / e ]R at a point xo of its domain is defined by the formula 

[/] (x 0 , X, r) = r _1 (/(x 0 + rx) - /(x 0 )). 

Observe that for all x* e S£* we have: [/ - (x*,.)] = [/] - (x*,.). Following the presentation 
given in [52] section 4.1.6, for a function / e IR ' finite at x 0 , the subdifferential associated to 
a bornology SS on 9C is the set 5^/(x 0 ) of x* e 9C* such that for all X e S& one has: 

liminfinflinixo^, r) - <x*,x» > 0, 

r—0+ xeX 


or equivalently for all X e 


limsupsup([/](x 0 ,x, r) - <x*,x)) = 0 . 

0+ xeX 


The elements of 3®/(x 0 ) are called the 5g-subderivatives of / at x 0 . 

If is the bounded sets of SC then 3^/(x 0 ) is the Frechet sub differential d F /(x 0 ) of / at x 0 . 
Classically an equivalent definition is the following: 


3 F /(xo) = {x* £ SC *: liminf 

JC * Xq 


f (x) — f (Xp) — (X* , X — Xq) 

II x — x 0 1| 


> 0 }. 
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When 3 f /(xo) is non empty, the function / is said to be Frechet subdifferentiable at the point 
x 0 e X of its domain. 

If 3~ is a topology on SC finer or equal than the weak topology of SC and S3 is the bornology 
associated to the sequentially relatively compact sets, then 3 ;ig /(x 0 ) is the Hadamard subd¬ 
ifferential d 3 ' f{x o) of / at x<). One can see that an equivalent definition is the following: 

d 3 /(x 0 ) = {x* e SC* : Vx eX, (x*,x> < /^(x 0 ;x)}, 


where f ,T (x 0 ;.) is the sequential Hadamard directional subderivate of / at x 0 defined by: 
/• r (x 0 ;x)= inf liminf [f]{x 0 ,x n ,r n ) = inf seqST - li e [f](x 0 ,.,r n )(x). 

3 - n (r„)^0 + 

[r n )—>0+ 

In this section, E is a separable Banach space and SC will be a decomposable normed sub¬ 
space of L 0 (O,E) and sometimes the following (Rockafellar’s decomposability) property is 
used: 

(S>) There exists an increasing covering (Q„) n of Cl such that for every integer n, 

LooCfXE)!^ = {yln n ,ye LooCH.E)} 


Definition 9.1 A bornology S3 on SC is said solid if for every elementX e SB, the subset T (X) = 
{xIa : x e X, A e T } is an element of S3. 

Since for every A e T and x e L p (E2,E) we have ||x1aII p < ||x|| p , we deduce that the Frechet 
bornology on a Lebesgue space L p (E2, E) is solid. More generally, if (p : E2 x E —► 1R+ is a Young 
integrand, the associated Orlicz space IR+I^ 1 = L^IQ.E, p) generated by the sublevel set I| : 
becomes a decomposable normed space endowed with the Minkowski gauge associated to 
the sublevel set Hxliq, = inf{r > 0 : x e t.l^ 1 }. Moreover for every A e T and x e L^IO.E) we 
have II x1aIIc|> ^ llxHq,; therefore the Frechet bornologyon an Orlicz space is solid. In addition, 
it verifies always the property (S>) [23]. When E is reflexive, due to the weak compactness 
Dunfort-Pettis’s criterion , the bornology on Li (Q, E) associated to the weakly compact sets 
is solid. 

Theorem 9.2 Given a decomposable normed subspace SC o/L 0 (O, E) and f a measurable in¬ 
tegrand, if S3 is a solid bornology on SC, andx* e SC* nL 0 (Q,E*,) then the following assertions 
are equivalent: 

( a ) x* is a S3-subderivative of If atx 0 . 

[b) for every elementB e S3, lim,^ 0+ su Pxeb /q[/ _ <x*,.)] _ (x 0 ,x, r) = 0. 


Proof ofTheorem l9.2[ Keeping the integrand / - <x*, .> it suffices to consider the case x* = 0. 
If (b) fails, there exist e > 0, a sequence [r n ) n of positive real numbers converging to 0, an 
elementX e S3 a sequence (x„)„ inX, such eventually f n [f]~ (x 0 ,x„, r n )d p > e > 0. For each 
integer n there exists a measurable set A n = {[/] (xo, x n , r n ) < 0} such that: 

/ [f]~{x 0 ,x n ,r n )d[i = - I [f]{xQ,x n ,r n )d\x. 

J Cl J A 72 
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But since [/] (x 0 ,0, r n ) = 0, 


[f]{xo,x n ,r n )l An = [/](x 0 ,x„1a„, r n ), 

we get eventually: 

/ [/](x 0 ,x H l A)! , r„)d|i = - I [/] _ (x 0 ,x„, r n )d\i < -e. 

J n Jn 

The sequence (x„)„ being in X, since 38 is solid, the sequence (x„1a„)« is in T(X) e 38. Thus 
the above inequality shows that there exists an element Y = T (X) £ 38 with 

liminfinf[If](x 0 ,x, r) <-e. 

r—>0+ xeY j 

Therefore 0 is not a 38- sub derivative of 1/ at x 0 . We have proved that (a) => (b). 

Conversely suppose {b) holds. Given an element X e 38 we get: 

liminfinf([If - (x*,.)](x 0 ,x, r) > -limsupsup / [/- <x*,.)] _ (x 0 ,x, r)d\i = 0. 
r— '0+ xeX r—>0+ xexJQ 

This proves that x* is a 38- sub derivative of 1/ at xo and (b) => (a). □ 

Definition 9.3 An integral bornology 38 on 33 is a bornology such there exists a family F = 
{(J);, i £ 1} of non negative integrands verifying cf),- (0) = 0 for all i £ I and such that 38 is the 
family of sets B contained in a sublevel set of an element of the family of integral functionals 

14,;, Z £ I}- 

Notice that any integral bornology is solid. The Frechet bornology of L p (G,E), 1 < p < oo 
is an integral bornology associated to the singleton F = {||.|| p }. The Frechet bornology of 
Loo(0,E), is an integral bornology associated to the family F = {I { | )A , A > 0 } where <4(o), e) = 
Lb e (Ac) = Ia-!b e ( g ) an d Be is the unit ball of E. More generally, considering a Young integrand 
<J> and the associated Orlicz space (O, E) then the Frechet bornology of (G, E) is the fam¬ 
ily of sets B contained in a sublevel set of an element of the family of integral functionals 
14 a , A > 0} where <J> a ((ji>, e) = cf)((jD,Ae). Since for every weakly compact set X of L^TTE), 
due to the Dunfort-Pettis and de la Vallee Poussin criterions Theorem 13.41 f b). there exists 
an integrand tp of a-Young type such that sup xeX 4(X) - 1- the bornology associated to the 
weakly relatively compact sets of Li (G, E) called the weak Fladamard bornology is the inte¬ 
gral bornology on L! (G, E) associated to the family of a-Young integrands. 

Theorem 9.4 Let a decomposable normed subspace S3 ofL 0 (G, E) verifying in addition the de- 
composability property (@), and letf be a measurable integrand. If 38 is an integral bornology 
on 9C associated to the family F = {([),-, i £ I}, let us consider the following assertions: 

(a) x* eSL* nL 0 (G,E*„) is a 38 -subderivative of If atx 0 . 

(b) for every i e I, for every e > 0, there exists a family of non negative eventually integrable 
functions {u r ,r £ (0,1)} norm converging to 0 in Li (G, 1R) and verifying eventually 

[f - <x*,.)] (xo, •, r) > -e<pi - u r . 

Then always (b) => (a). If in addition the measure is atomless then these assertions are equiv¬ 
alent. 
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Proof of Theorem l9.4l Proof of the sufficiency part. Let XeSS, there exists (z, 5 ) £ I x ]R + such 
su Pxex4/(*) - Using condition (, b ), for every e > 0 , there exists a family of non negative 
eventually integrable functions {u r , r e ( 0 , 1 )} norm converging to 0 and verifying eventually 
for xeX: [/- (x*,.)]”(xo,x, r) < e<fy(x) + u r , therefore for every e > 0 : 

limsupsup / [f - (x*,.)]~{x 0 ,x,r)d[i<e.s, 

r— >0+ xeX Jn 

thus 

lim sup / [/-(x*,.)] - (xo,x, r)d\i - 0 , 
r ^°+ xeX Jn 

and the sufficency part is proved with Theorem l9.2l (, b ). Conversely suppose that x* £ 3£* n 
L 0 (D,E*„) is a^g-subderivative offy atxo. Thenfor every i El: 

limsup sup I [f - (x*(x 0 ,x,r)d[i-0. 

r—>0 + xeScJn 

Fix z £ I, and denotes cfy by tfx Setting g r (a), e) = [/„, - <x* ( 00 ), e>] — (x 0 (uu), e, r), we have: 


for every e > 0 there exists r e > 0 : sup sup fy r (x)<e. 

0<r<r e Iq,{x)<l;xE3£ 


The assumptions of El Corollary 5.7 with the constant multifunction M(u>) = E are satisfied. 
Indeed since (S>) holds 9C is rich (in sense of El Definition 3.7) in Sm = L 0 (D,E). Using El 
Corollary 5.7, for every 0 < r < r e we get the existence of a multiplier y* > 0 such that the 
function 

v r M = inf{-g r (co, e) + y* c|)((o, e),eeE} 


is integrable and verifies 


-e + y r < 


I v r d\i. 
Jo 


Moreover since cf>(0) = 0 and g r (0) = 0 the function v r is non positive and we get for every 
0 < r <r e that y * < e and that f n - v r d[i < e - y* < e. Define 


u r , e ( 0 L>) = inf{-g r (o), e) + cc|)((jl), e), e £ E > v r 


then 


g r < -v r + y* cf) < -v r + ecj) < -Ur^ + ety . 


We get: for 0 < r < r e , u r , e > 0, g r < ecf), + u r , e and f n -u,- ie d[i < e. Then lim, ^ 0+ fn u r , e d p = 0. 
Indeed take e > 0. Given 0 < e < e, for 0 < r < r 1 , we have u r y < z/ r>e and 


/ -u re d\i< / -u 'd\x<f. 
Jn Jo 


This proves that lim r ^ 0 fn u r>e d\i = 0 and moreover g r < ecf) - u r>e □ 


Taking the Frechet bornology on an Orlicz space, we obtain immediatly the following cri¬ 
terion of subdifferentiability: 
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Corollary 9.5 Let cf) be a Young integrand and f :fixE —>■ ]R be a measurable integrand. Con¬ 
sider afunction x* e L ( |, > (Q, E*,) and the following assertions: 

(a) x* is a Frechet subderivative of If at xq on L,|,(D, E), 

(b) for every 0 < e, 0 < A, there exists a family of non negative eventually integrable functions 
[u r ) r> o such that lim,-^ 0 II u r || i = 0 and eventually: 

[f - <x*, .>] (x 0 ,., r) > -ec|) A (.) - u r . 

Then always {b) => (a). If in addition the measure is atomless then these assertions are equiv¬ 
alent. 

The following particular consequence in case 1 < p < oo is nothing else than a rephrase of 
the J. P Penot’s characterization t5J] Theorem 22. But not only, since it contains also the N. 
H. Chieu’s and J. P Penot’s characterization (29) Theorem and (ST) Theorem 12 of the Frechet 
subdifferential in case p = 1 (see Corollarv l9.7L 

Corollary 9.6 Suppose 1 < p < oo and f : Q x E —> B be a measurable integrand. Given x* e 
L q (fl, E* *) let us consider the following assertions: 

(a) x* is a Frechet subderivative of If atx 0 onE p [fl,E), 

(b) For every e > 0 there exists a family of non negative eventually integrable functions [u r ) r> 0 
such that lim,-^o II u,-||i = 0 and eventually: 


[f - (x*, .)] (x 0 ,r) > -e||. || p - u r . 

Then always (b) => ( a ) and if addition the measure is atomless these assertions are equivalent. 

Proof. The relations between the two assertions are an immediate consequence of Corollary 
I9.5l with c|) = p -1 ||.|| p . □ 

Corollary 9.7 Let p = l, f : fl x E -* fl be a measurable integrand and suppose the measure is 
atomless. Given x* e LooOQ, E*J the following assertions are equivalent: 

(a) x* is a Frechet subderivative of If atx 0 on L| (H.E), 

(b) The integrand f verifies the assertion (b) ofCorollarv \9.5\ with p = 1. 

(c) x* is a Moreau-Rockafellar subderivative of lf at Xq on Li (Q, E). 

Proof. First remark that it suffices to prove this Corollary in case x* = 0. (a) => ( b ) is a conse¬ 
quence of Corollary [93] with cf) = ||.||. Now suppose that condition (fi) of Corollary [93] holds 
with x* = 0. Fixe > 0. For every r > 0, define v r = mf e£ E[f]{x 0 ,e, r) -e||e||. Then v r satis¬ 
fies - u r < v r < 0, therefore the family ( v r ) r>0 of non positive eventually integrable functions 
norm converges to the origin of Li(0,lR) when r —»■ 0+. But 

v r = inf[/](x 0 ,e,r)] -e||e|| = infr _1 ([Kx 0 ,re) -e||re||) = r~ 1 v l . 

eeE eeE 

Since the family (v r ) r>0 of eventually integrable functions norm converges to the origin of 
Li (O, ]R) when r —> 0+, neccesarily eventually vi = 0-v r . Therefore the integrand [/] verifies 
eventually at x 0 : 

inf[/](x 0 ,e,r)-e||e|| >0. 
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Or equivalently, 


inf/(x 0 + e) -/(x 0 ) -e||e|| >0. 

eeE 

This last property being valid for every e > 0, one get for every eeE, /(x 0 + e) - /(x o) > 0, 
therefore 0 is a Moreau-Rockafellar subderivative of 1/ at x 0 on L] (0,E). Thus (b) => (c) is 
true, (c) => (a) is immediate. □ 

In the same spirit let us consider the case p = oo. Using Corollary [93] it can be obtained the 
following characteristic condition (when / is only measurable) when the measure is atom¬ 
less; let us give a direct proof without this assumption but when / is normal. 

Corollary 9.8 Suppose p = oo, and f : FI x E -»■ 1R is a normal integrand. An integrable func- 
tionx* eL^fi.E*,) is a Frechet subderivative of If atx 0 on ^(0, E), if and only if there exists 
a family of eventually non negative integrable functions ( u r ) r>0 such that lim,^ 0+ II II l = 0 
and eventually: 

inf [/- <x*,.)](x 0 ,e,r) > -u r . 

Ilellsl 

Proof of Corollarv l9.81 Remark that it suffices to gives the proof in case x* = 0. Let Boo be the 
unit ball of 1^(0, E). The condition is sufficient. Indeed: 

lim sup I [f]”(xo,x, r)dp < lim / u r d u = 0, 

r - + xeB 00 Jn r^oJa 

then we obtain for 5 > 0 lim r ^ 0+ su p xes . Boo / n [/] _ (x 0 ,x, r)d[i = 0, this proves with Theorem 
19.21 (b) that x* is a Frechet subderivative of If at x 0 on LcoCH, E). Conversely let us show the 
necessity. If 0 is a Frechet subderivative of 1/ at x 0 then with Theorem l9. 21 (h) we get 

lim sup I[/]-(xo,x, r) = 0. 

r ^°+ xeBoo 

But for every r > 0 if u r - sup|| e ||< 1 |/] _ (x 0 , e, r) then |3T] Theorem 2.2 asserts that 

sup I|/-]-(x 0 ,x, r) = I u r d\i. 

xeBoo J n 

Therefore lim,-^ 0+ In u r d[i = 0. The proof of Corollarv l9.8l is complete. □ 

Using Theorem 19.41 one obtain the following criterion for the weak Hadamard subdifferen¬ 
tiability: 

Corollary 9.9 Suppose p = 1 and f : Q x E—► IR is a measurable integrand. Given a function 

x* e Loo (U, E* } ) let us consider the following assertions: 

la) x* is a weak Hadamard subderivative of l f at x 0 on L, (Q, E) ; 

(b) for every (respectively there exists an) integrable positive valued function a, for every a- 
Young integrand cf) and for every e > 0 there exists a family of eventually non negative inte¬ 
grable functions {u r ) r> o such that lim r ^ 0+ II UrWi = 0 and eventually: 

[f- <x*,.)](x 0 ,.,r) > -ec|)(.) - u r . 

Then always (b) (a) and if the measure is atomless these assertions are equivalent. 

Proof. We have yet seen with De la Valle-Poussin’s Theorem l3.4l that for every positive valued 
integrable function a, the weak Hadamard bornology is the integral bornology associated 
with the family of a-Young integrands and the result is a consequence of Theorem l9.4l □ 
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10 Additional results on Frechet subdifferentiability 

In this section, when E is separable, the study of some properties of the Frechet subdifferen¬ 
tiability is mainly made in relation with the Frechet differential compactness property. 

Definition 10.1 Let an integrand f : LI x E -*■ 1R, and x 0 e L 0 (n,E). The integrand f is said 
Frechet subdifferentiable along x 0 when for almost every oi £ Q, the function f (I) is Frechet 
subdifferentiable at x 0 (to). An element x* e L 0 [Cl, E *.) is a Frechet subderivative off along xo 
when for almost every to e LI, x* (co) is a Frechet subderivative off w at xo (to). 

The following result gives a practical sufficient criterion for the Frechet subderivability of an 
integral functional. 

Theorem 10.2 Let us consider a decomposable normed space [SF, ||.|| gf) topologically con¬ 
tained in some Lebesgue space L p (Q,E,Pp) for some measurable positive valued function p. 
Suppose that the Frechet bornology on SF is solid. Let f be a measurable integrand and the 
following assertions: 

(a) x* eSF* nLo(n,E*«) is a Frechet subderivative of If atx o onSF. 

{b) The integrand f - (x* ,) has the Frechet-dlcp at x 0 . 

Then ( a ) => (b), if moreover x* is a Frechet subderivative of f along Xq, then (b) => (a). 

Proof of Theorem ll0.21 Since the Frechet bornology of SF is solid then (a) => {b) is a con¬ 
sequence of Theorem 19.21 in case where 3$ is the Frechet bornology. Conversely suppose 
{b) holds and x* is a Frechet subderivative of / along x 0 . Setting g(co, e) - /(co, x 0 (w) + e) - 
f (x 0 (co)) - (x* (to), e), one may suppose that x* = 0 is a Frechet subderivative of g along the 
origin, thus g(co, e) = ||e||e(oo,e) with liminfe w (e) >0, and that g has the Frechet-dlcp. From 

e—0 

Theorem 19.21 it suffices to prove that for every sequence (r„)„ of positive real numbers con¬ 
verging to 0, for every bounded sequence (x„)„ inSF, the sequence ([g]“(0,x„, r n )) n strongly 
converges to the origin in Li (0,1R). 

The following Femma is proved in [28]: 

Lemma 10.3 7/0 is a Frechet subderivative off along x 0 , then the function c(oj, e) = e,„(e) if 
eft), e(<jL>, 0) = 0, is measurable on QxE, and verifies for every (to, e) £ LI x E: / w (x 0 ((a) + e) - 
/ w (x o (w)) = ||e||e(o), e). The integrand e“ = -min(e,0) is measurable on Tlx E and moreover 
lime - (o),e) = 0. 

e—>0 

From the preceding Lemma [g]" (0, x n , r n ) = || x n || e“ (. r n x n ), moreover since the sequence (x„) n 
is bounded in SF then by assumptions (x„) n it is bounded in some L p (O, E, p p) therefore the 
sequence {r n x n ) n norm converges to 0 in LjfifTE.Pp), thus in Pp- measure ([39) section 4.7 
(or EH Lemma 16.4)) and since p is positive valued, extracting subsequences almost every¬ 
where converging to 0 we obtain that the convergence is in in local p-measure , so is the 
convergence of the sequence (e“(r„x„)„. Let v n = \\x n \\e{r n x n ). Since / has the Frechet-dlcp 
at x 0 , the integrand g too at the origin. Therefore the sequence ( v~) n is uniformly integrable. 
We have v~ = ||xje - (r n x„) applying Lemma EH with E = 1R, y n = ||x„||, u n = e~[r n x n ), we 
deduce that {v~) n converges strongly to 0 in L^FLIR, p). The proof of Theorem ll0.2l is com¬ 
plete. □ 
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As a consequence of (22] Theorem 2.4 (vii), the statement of Theorem ll0.2l is valid on every 
Orlicz space 1,^(0, E, p). Let us give a practical criterion for the Frechet-subdifferentiability. 

Corollary 10.4 Let cf> be a Young integrand, and f be a measurable integrand such that x* e 
L ( |j* (Q, E*) is a Frechet-subderivative of f along xq e Lq> (O, E). Suppose that the following con¬ 
dition holds: 

for every e > 0, and every A > 0, there exists a family of non negative eventually integrable 
functions {u,-,r e (0,1)} uniformly integrable in Li (0,1R) and verifying eventually 


if] (Xo, •> r ) - <** ’ •> ^ - Ur ■ 


Thenx* is a Frechet-subderivative of If atx 0 on L ( |,(n,E). 

Proof, due to Proposition l8.111 f - (x*, .) has the Frechet differential lcp on (G, E) at x 0 £ 
L(|,(E2,E) ■ The result is then an immediate consequence of Theorem ll0.2[ □ 

Given a Young function cf> we will consider the following subspace of (G, E, p): 

Et|,(E2,E) = {x £ L^(n,E): VA > 0,cf>(Ax) e L^G.IR, p)}. 

Given an E*-valued multifunction M, L^* (M),**, (respectively E C | ) »(M) (J *) denotes the set of 
almost everywhere selections of M which are in L^* (G,E*„) (respectively E^* (G,E*„)). 

Proposition 10.5 Let <J) be a Young integrand and f be an integrand such x* e E^* (G, E*) is a 
Frechet-subderivative off along xq e L ( |,(G, E). If the condition (<5fy |Xo ) of Theorem \ 8.12\ holds 
then E^* (9 F /(x 0 )) CT * <=3 F I/(x 0 ). 

Proof. First remark that for any x* e E^* (G, E*) the integrand f-(x*, .) has the Frechet-dlcp 
atx 0 . Indeed let / verifying G5^ )Xo ). Since for every x* e E^* (E2,E*), due to the Young inequal¬ 
ity, for every e £ E, and every A > 0, |(x*,e}| < cf)(Ae) + tf)*(A _1 x*) with cf)*(A _1 x*) integrable, 
we obtain with Lemma l8.131 that / - (x*,.) verifies the condition of Corollarv ll0.41 If more¬ 
over x* £ Eq,* (3 f /(x 0 )) ct * is a Frechet-subderivative of / along xo, then due to Corollarv ll0.4l 
x* is a Frechet-subderivative of I f at x 0 on (G, E). □ 

Corollary 10.6 Let <[) be a Young integrand, f be a real valued integrand with a Frechet- 
derivative x* £ E<|>» (G,E*) along x 0 e L,|,(G,E). If in addition the condition C5ff, iXo ) holds, then 
If is Frechet-differentiable at xq on L ( |,(G, E). Moreover I^(x 0 ) = / (x 0 ). 

Proof. Remark that if / satisfies G^.Xo), since for almost every weQ, the function is 
Lipschitzian on every ball of E, thus 3 c f{e) = -3 C - f{e), and the Young integrands being 
even then -/ satisfies G9 p ( | ) , Xo ) too. Moreover due to Corollary 18 .141 If is finite on a ball of 
Lq,(CT,E) centered at x 0 , thus locally I^(x) = -I_^(x). Proposition |T0T5] ensures that / (x 0 ) £ 
3 F Iy(x 0 ) n -3 f — Iy (x 0 ) this proves that If Frechet-differentiable at x 0 £ E^iG.E) on L^in.E) 
andl^(x 0 ) = /(x 0 ). □ 

For clarity now we will restrict ourselves to the case of Lebesgue spaces. The following re¬ 
sult is a permanence property. 

Proposition 10.7 Let 1 < p < oo. If the integrand f has the Frechet-dlcp at Xo £ L p (G, E) and 
x* eL^(G,E*,), then the function f - {x*,) has the Frechet-dlcp at xq. 
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Proof of Proposition ll0.7l For every measurable set A, and every x e L p (n,E), x* eL p (T2,E*), 
we have the upper bound: 

f \(x*,x)\d[i<\\x*l A \\ q \\x\\ p . 

•j A 

Since 1 < q < oo, for every norm bounded sequence (. x n ) n , the sequence ((x*,x„)), 3 is uni¬ 
formly integrable. Moreover setting g- f- (x*,.), we have: [g] = [/] - (x*,.) and since / has 
the Frechet-dlcp at xo £ X, the integrand g has the Frechet-dlcp at Xo - □ 

Proposition 10.8 Let \<p<oo. Letx 0 £ L p (Q,E) with /(x 0 ) integrable. Suppose that the in¬ 
tegralfunctional I f is Frechet-subdifferentiable at x 0 with a Frechet- subderivative Xq £ L r/ (Q, E*J. 
Then f-(x*,) has the Frechet-differential lower compactness property. Moreover ifpfl, for 
every x* £ L q (H, E*.) the integrand f - {x*,) has the Frechet-dlcp at x 0 . 

Proof ofProposition ll0.8l If 1/ is Frechet-subdifferentiable at x 0 , with a Frechet-subderivative 
Xq £ then Theorem ll0.2l asserts that / - (x*,> has the Frechet-differential lower 

compactness property. Moreover if p f 1, due to Proposition [TO21 for every x* e L^in.E*,) 
the integrand / - {x*, > has the Frechet-dlcp at xo. □ 

Theorem 10.9 Suppose 1 < p < oo, if the integrand f has the Frechet-dlcp at x 0 £ L p (Q,E), 
then: 

M9 F /(X 0 ))a* cd F I/(jto). 

Proof of Theorem ll0.91 From Proposition ll0.7l since p f 1, for every x* e L 3? (5 F /(x 0 )) CT * the 
integrand /- <x*,> has the Frechet-dlcp at Xo and Theorem ll0.2l ensures that x* is a Frechet 
subderivative of 1/ at x 0 . □ 

Corollary 10.10 Suppose 1 < p < oo. If the integral functional If is Frechet subdifferentiable 
at x 0 £ L p (E2,E) with a Frechet-subderivative Xq e L r/ (Q, E* J, then the integrand f has the 
Frechet-dlcp at Xo and: 

L^(9 r /(xo)) CT * c a F I/(x 0 ). 

Proof of Corollary 1 10.101 Due to Proposition 110.81 the integrand / has the Frechet-dlcp at 
x 0 £ L p (n,E), and the result is a consequence of Theorem ll0.91 □ 

Corollaryl0.ll Suppose 1 < p < oo. Given x 0 £ L p (D,E) and a measurable integrand f : 
OxE-*IR satisfying condition {SF p ). Then 

L 37 (5 f /(x 0 )) ct * c 9 f I / (x 0 ) . 

Proof. It is an immediate consequence of Proposition ll0.5l □ 

Corollary 10.12 Suppose p = oo, given x 0 £ LoolD, E) and a measurable integrand /:ExE-» 

1R satisfying the condition (ACo). Then 

Li(a F /(x 0 )) CT * ca F I/(jtb) ■ 

Proof. From Corollarv l8.17l the integrand / has the Frechet-dlcp, and from Proposition ll0.71 
for every element y* £ Li(a F /(x 0 )) CT *, the integrand f-{y*,) has the Frechet-dlcp at the point 
x 0 , and Theorem ll0.2l allows to conclude. □ 
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11 More on weak Hadamard subdifferentiability. 

The author in (25], makes a first study of the strong Hadamard subdifferentiability of integral 
functionals on Lebesgue spaces, related with the properties of the differential quotients. In a 
initial version of this article, when E is reflexive, all the results on Frechet-subdifferentiability 
of the section 10 has been proved with the results of section 6 by considering the weak topol¬ 
ogy on Lp(n,E) and the weak star topology when p = oo. On reflexive spaces the Frechet 
bornology coincide with the weak Hadamard bornology therefore the Frechet subdifferen¬ 
tial coincide with the weak Hadamard subdifferential. Notice that this last result can be ex¬ 
tended (the proof is omitted) to the case where X has a predual Y: 

Lemma 11.1 Suppose that Y is a separable predual of the Banach (X, ||.||) and x 0 £ X, then 
with oy = o(X,Y): 

d F /(x 0 )nY = S aY /(x 0 )nY. 

Moreover, if 1 < p < oo, when E is reflexive, due to the Proposition 18.181 Lemma ni.il the 
results of the sections 9 and 10, Corollarv l9.61 Corollarv l9.81 Proposition ll0.81 Theorem ll0.91 
Theorem 110.21 with its corollaries can be rephrased in terms of the weak dlcp (weak star if 
p = oo) and of the weak (weak star if p = oo) Hadamard subdifferentiability. Therefore the 
study of the weak (weak star) Dini Hadamard subdifferentiability is reduced to the study of 
Frechet subdifferentiability in the cases 1 < p < oo. As a consequence, only the case p = 1 
may be of interest. In the sequel, E is a separable reflexive space and we consider a T ® SS (E) - 
measurable extended real valued integrand / and its differential quotient [/]. Corollarv l9.8l 
gives a complete characterization of weak Hadamard subdifferentiability when the measure 
is atomless. The following statement is the analog of both results Theorem ll0.9l and Corollary 
110.101 and gives, with Theorem [1L3J practical sufficient conditions for the weak Hadamard 
subdifferentiability. 

Theorem 11.2 Let p = 1. If the integral functional If is weakly Hadamard suhdifferentiable 
at xo on Li (Q, E) then the integrand f has the o - dlcp at x o. If the integrand f has the o-dlcp 
atx 0 , then Loo{d a f{x 0 )) c5 CT Iy(x 0 ). 

Proof of Theorem lll.21 Suppose that x* is a weak Hadamard subderivative of 1/ at xo- Since 
the weak Hadamard bornology is solid, using Theorem 19.21 we deduce that the integrand 
/ - <x*,.> has the weak Hadamard dlcp; but due to the Dunford-Pettis criterion, for every 
relatively weakly compact sequence {x n ) n the sequence ((x*,x n »„ is uniformly integrable, 
therefore / has the weak Hadamard dlcp. Conversely, let {r n ) n be a sequence of positive 
real numbers converging to the origin. Define f n [u>,e) = [/ludxofio), e, r n ). For each x* £ 
WaVUo)) we have for almost every a) e LI the inequalities: 

<x*M, .> </°(x 0 M, .)** < ( seqct-liefnj** ■ 

Applying Corollarv l6.5l to the sequence (I/„)« we obtain for every xeLi (Q,E), 

I<x*,x> - U) ^ I {seqo-ii e f n )** U) < seq o - li e lf n {x). 

This proves that for each xeLilTLE),^ (x*,x)d\i < I^(x 0 ;x) or equivalently x* ed a lf{x 0 ). □ 
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Theorem 11.3 Let p = 1, x 0 e Li {Cl, E), and consider the following assertions 
(a) The integrand f has the a -dlcp at x 0 , 

(h) There exists a positive constant c such that the integrand f satisfies out of a negligible set, 
for every e e E, 

f{x 0 + e)>f{xo)-c\\e\\. 

Then (h) => (a). If the measure p is atomless these assertions are equivalent. 

Proof of Theorem lll.31 By the Dunford-Pettis criterion, every sequentially weakly compact 
sequence ( x n ) n is uniformly integrable. Therefore when (fi) holds, for every sequence (r„)„ of 
positive real numbers converging to the origin, the sequence {[f]~{xo, r n ,x n )) n is uniformly 
integrable. This proves that {b) => (a). If the measure is atomless and (a) is true, then the 
integrand / has the (strong) Hadamard-dlcp at xq, thus [251 Theorem 4.1 and [25] Corollary 
4.2 or ED Proposition 9, show that {a) => (fi). □ 

The author thanks Professor Jean Paul Penot for his help. And moreover for his suggestions 
and remarks about this article. Some consequences of these results in the study of the Clarke 
and limiting subdifferentials are listed in [29]. 
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